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LINUS RICHTER

ABSTRACT. For N > 2, we study the structure of definable abelian group extensions
of the additive group (R™,+) by countable abelian (Borel) groups G. Given an
extension H of (RY,+) by G, we measure the definability of H by investigating its
complexity as a Borel set. We do this by combining homological algebra and descrip-
tive set theory, and hence study the Borel complexity of those functions inducing H,
the abelian cocycles. We prove that, for every N > 2, there are no non-trivial Borel
definable abelian cocycles coding group extensions of (RY, +) by a countable abelian
group G, and hence show that no non-trivial such group extensions exist. This com-
pletes the picture first investigated by Kanovei and Reeken in 2000, who proved the
case N = 1, and whose techniques we adapt in this work.

1. INTRODUCTION

In this paper, we contribute to the study of definable classical mathematics. By
classical mathematics we mean those mathematical subjects traditionally unrelated to
mathematical logic. The idea of definability is interpreted broadly: as opposed to the
universal yet rigid model-theoretical definition, we mean the classification of instances
of classical mathematical problems in terms of measures at home in mathematical
logic.

One of the earlier examples of the application of logic to classical mathematics
was given by Shelah’s celebrated solution to the Whitehead problem [36], but many
have followed suit. Applications of this research programme feature prominently in
major areas of contemporary logic such as reverse mathematics [11, B7] and com-
putability theory [38]. More finely, the study of reductions and effective measures of
complexity play an important role throughout modern logic, emphasised by notions
such as Weihrauch reducibility [4], computable analysis [41], algorithmic randomness
[25, B2, @], and many more. Crucially, many of these admit natural connections to
classical mathematics, such as the effective relationship between fractal geometry and
algorithmic randomness [29, 27, [15], 28].

In this paper, we continue this trend. We choose as our measure framework the
study of subsets of the reals in terms of descriptive set theory and apply it to (ho-
mological) algebra: we consider the problem of group extensions of abelian groups by
abelian groups, and measure which of them are definable in the context of descriptive
set theory. Analysing the Borel definability of group extensions garnered interest in
the 1960s through work of Moore [30] and DuPre [10], and was re-investigated by
Kanovei and Reeken in the early 2000s [20], 22] 21]. Instead of taking a strongly alge-
braic point of view as Moore and DuPre had done, their work was motivated by ideas
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in Hyers-Ulam-Rassias-stability [10, 39, 40, [33] which measures the stability of spaces
(and, more generally, categories) in terms of homomorphisms: can every almost ho-
momorphism be closely approximated by a strict homomorphism? For certain groups,
group extensions stand in equivalence with maps called cocycles, whose properties can
be likened to Hyers-Ulam-Rassias-(in)stability. In combination with the measurability
tools of Polish spaces, definable group extensions can be carefully analysed.

This analysis is our motivation for this paper. We generalise a result of Kanovei
and Reeken concerning the existence of definable group extensions [22] to higher-
dimensional topological spaces, hence proving that the definable algebraic structure

(in the sense of Borel measurability) of abelian group extensions of the additive groups
(R, +) and (RY,+) for N > 1 does not differ.

To formalise this, let A, G be groups. A group extension of A by G is a short
exact sequence: a sequence c of the form
c: 0 v G — 5 E—15 A > 0
where 4, j are group homomorphisms, i is injective, j is surjective, and where im(i) =
ker(j). Two group extensions ¢, ¢’ with

d: 0 v G L BT A > 0
are equivalent if there is a group isomorphism p for which the following diagram com-
mutes:

~

E/

If we require that all groups G, FE, A are abelian, then every extension of A by G
is in fact induced by an abelian cocycle (or factor set)—a function from A? to G
which encodes the structure of F—and vice versa. This is how we study the structure
of group extensions here: we consider group extensions from the point of view of
abelian cocycles and their properties in terms of functional equations; their structure
is captured by the cohomology group.

The identification of group extensions in terms of functions between groups has
spurred the investigation of definable group extensions: those induced by an abelian co-
cycle which is definable. In this paper, definable means Borel measurable: we consider
groups which carry a natural Polish structure, and investigate those group extensions
which are induced by Borel cocycles.

Definition 1.1. A group G is a Borel group if G is a Borel subset of a standard
Borel (or Polish) space, and the group operation is a Borel map: the pre-image of
every Borel set is Borel in the inherited topology.

Suppose G, E, A are abelian Borel groups inside standard Borel spaces. A group
extension ¢: 0 - G — E — A — 0 is Borel definable (or just Borel) if the
associated abelian cocycle generating E is a Borel map.

In order to take advantage of the identification between group extensions and co-
cycles, we assume from now on that all groups are abelian. Further, the
quotient G is always assumed to be countable.
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With these conventions established, the following theorem [22, Theorem 49] classi-
fies, up to isomorphism between group extensions, all definable group extensions of
the additive group (R, +) by a (countable) group G in the Borel framework.

Theorem 1.2 (Kanovei and Reeken, 2000). For every group G, the only Borel de-
finable group extension of (R,+) by G is the trivial extension. In other words, every
Borel cocycle C': (R?)? — G is a Borel coboundary.

In sections[3and 4] we prove the following theorem, extending Kanovei and Reeken’s
result.

Theorem For every N < w and every group G, the only Borel definable group
extension of (RY,+) by G is the trivial extension.

The proof uses geometrical arguments, which on the one hand are harder to prove
in the multidimensional case as opposed to the case R in [22], while on the other hand
translate throughout the higher-dimensional cases. As general ideas of the proof of
theorem are most easily explained in the case N = 2, we prove the following result
first:

Theorem|[3.21] For every group G, the only Borel definable group extension of (R?, +)
by G is the trivial extension.

1.1. The structure of this paper. In section 2] we outline the basics of group theory
and the theory of group extensions needed for our arguments. We also recall the
fundamentals of descriptive set theory which we later use to classify the degree of
definability of group extensions.

As we will be using forcing arguments, we shall also consider its basic notions.
However, these will not concern extending models of set theory, and hence remain
gentle.

In sections [3 and [} we prove theorems [3.21] and [4.6], respectively. The proof of
theorem follows structurally the analogous argument in [22], yet requires more
sophisticated arguments to overcome the geometrical differences between R and R2.
The lemmas we prove, however, can then be extended to prove the theorem on (RY, +)
for any N > 2. We show how to do this in section 4] where we also conclude theo-
rem 4.6

We close with section |p in which we state various open questions, and where we
outline related avenues for research.

2. BACKGROUND

The theory of group extensions of abelian groups by abelian groups can be expressed
in two ways: category-theoretically (i.e. in terms of short exact sequences, as indicated
in section and in terms of group cohomology, which captures the relationship between
certain functions between groups: cocycles and coboundaries. The former approach
has lead to the study of the Ext functor [I2], which is of course of independent interest.
In this paper, however, we take the latter approach. We do this since: if all groups
concerned have a Borel structure, then the Borel complexity of cocycles—which are
themselves functions between groups—can be measured and hence analysed.

Let A be a Borel group. A function C': A> — G is an abelian 2-cocycle (or just
abelian cocycle) if C'(z,0) = 0 and

C(z,y) =C(y,z) and C(x,y)+C(x+y,2)=C(z,2)+ C(x + z,y)
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for all x,y, 2z € A. An abelian cocycle is a coboundary if there existsamap h: A — G
such that

Clz,y) = Cu(z,y) = h(z) + h(y) — h(z +y).
The quotient group of cocycles modulo coboundaries yields the cohomology group
H?(A, Q) [35 9.2], which measures complexity: the more complicated H*(A,G) is as

a group, the more complicated is the structure of group extensions of A by G. It is
clear that two cocycles are equivalent if their difference is a coboundaryf}

Remark. The definition of coboundaries hints at the relationship between the theory
of group extensions and the aforementioned Hyers-Ulam-Rassias-stability framework
of almost homomorphisms: in the sense of Ulam, coboundaries are trivial objects
(well-behaved almost homomorphisms), just as they are trivial objects in the study of
group cohomology (by definition of the quotient group).

To explain our theorems, we need to introduce descriptive set theory. A topological
space is Polish if it is separable and completely metrisable. The definable subsets of
an uncountable Polish space X can be stratified in hierarchies. At the lowest level sits
the Borel hierarchy, whose sets are generated by the o-algebra containing the open
subsets of X. A set is Borel if it appears in this hierarchy of length w;. A function
F: X — Y between Polish spaces is a Borel function if the pre-image of every Borel
set is Borel. Hence, every continuous function is Borel. Further, a function between
Polish spaces is Borel if and only if its graph is analytic, i.e. the continuous image of
a Borel set [23] 11.14.12]. Since Polish spaces are separable and Hausdorff, they have
a countable basis of basic open sets, and so every Borel set A has a Borel code:
an element of w* which codes the construction of A from the basic open sets and
countably many operations of countable union and complementation. For details, see
[23, [19].

A simple method to determine whether a set of reals is Borel is provided by the
fundamental relationship between descriptive set theory and computability theory (see
references [311, [13] [5]). The following folklore result is emblematic of this relationship.
Some basic concepts follow: if ® is a computable procedure (e.g. a Turing machine)
and z is a real (in R, 2¥ w®...), let ® (z(o‘)) denote the procedure & initiated with
oracle access to the a-th jump of z. If z, 2z € 2¥ then = @ z is the join of z and z. (The
join of elements of R is usually expressed as the join of their binary expansions. For
classical computability theory, see e.g. [3§].)

Proposition 2.1 (cf. [8, 34]). Let X be uncountable Polish. A set A C X is Borel
if there exists a code z € wW*, an ordmaﬂ a < wy, and a computable procedure ® for

which
1€A = P ((z® z)(o‘)) halts in finite time.

Proof. To elucidate the intuition, we sketch the proof of the case a =1 for X = R. If
A is open, write A = |J(a,,b,) where a;,b; € Q. This sequence of pairs is coded by
some z (via e.g. the Cantor pairing function). For each pair (an,b,) coded in z, ask
whether a,, < x < b,. This is a finite operation since each interval (a,, b,) is open. [

ITo see the explicit relationship between cocycles C': A2 — G and group extensions of A by G we
recommend in particular Chapter 9 of [I2]. There, it is also shown how the notion of equivalence
given here agrees with the commutative-diagram-equivalence from section

2To the reader familiar with hyperarithmetic theory: o < w?, the first ordinal not computable
from z.
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2.1. Algebraic properties of abelian cocycles. In the subsequent arguments, we
generally separate algebraic properties of abelian cocycles from non-algebraic proper-
ties.

As the name suggests, algebraic properties hold for all abelian cocycles; the un-
derlying space and its topology are inconsequential. On the contrary, non-algebraic
properties depend on the underlying topological and order-theoretical properties. For
instance, the reals R are ordered, while R? is not. Hence, any proof of theorem if
adapted to R?, must take care of such structural differences.

The difficulties of extending theorem [1.2|reduce to proving topological lemmas which
permit the application of algebraic properties. This is our task in the following section.
In this section, we collect useful algebraic properties of abelian cocycles—all can be
found in [22]. Fix an uncountable group X and a group G and let C': X? — G be an
abelian cocycle.

Lemma 2.2. For all x1, 29,23 € X we have
C(x1,22) = C(xq, 23) + C(x1 + 23, 22) — C(21 + T2, 13).
Cocycles can be extended naturally to accept more arguments: let
C(z1, z2,x3) = C(x1,22) + C(x1 + 22, 3)
and hence recursively define

C(x1, ..y xpr1) = C(xy, .o x,) + C(z1 + oo+ Ty, Tps1)-

Various useful identities can be deduced from this recursive definition, such as the
following.

Lemma 2.3. If x1,..., 2, Tpi1,.. ., 0 € X, letz =21+ ...+ 2, and 2’ = x,41 +
...+ x,. Then

Clxyy ..y tm) = Clay, .y xn) + C(Tpy, oy xm) + Oz, 7).
Recall that a cocycle C' is a coboundary if there exists a map h: X — G for which
C(z1,x2) = h(x1) + h(xe) — h(xy + x2).
A simple induction proves:
Lemma 2.4. Cy(xq,...,2,) = h(xy) + ...+ h(z,) — h(x; + ... + z,)
Further, since H?(X, G) is a group it immediately follows that:

Lemma 2.5. If C}, and Cy are coboundaries, then Cy+Cy, = Ch 1y, where (h+k)(x) =
h(x)+k(x). In particular, if Cy, and Cy are Borel coboundaries (i.e. h and k are Borel
maps), then so is Chig.

2.2. The set-theoretical setup. We work in a set-theoretical universe V' satisfying
ZFC. For a sufficiently rich finite fragment ZFC* of ZFC, consider a countable transitive
set model M E ZFC*. Meta-theoretically, our arguments proceed as follows: with a
Borel cocycle C' and M fixed, we work inside V' and argue that C' is in fact a Borel
coboundary. We often allude to the fact that truth in a sufficiently rich extension
M|[G] of M is forced by some condition (read open set) in M: there is a comeagre set
in 'V on which the function is constant, for instance. For suitable GG, this gives us a
result on V', hence proving that C' enjoys said properties in the real world. The fact
that Borel functions have codes whose interpretations are absolute between transitive
models is crucial for this argument to work.
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As is customary, when we write “let M be a countable transitive model of ZFC”

we mean M to satisfy a finite fragment of ZFC sufficiently large for the arguments at
hand.

In view of proving theorem [3.21] we now consider the specific case A = (R?, +). We
also write R? in place of (R?, +) to save time.

While the following set-theoretical setup is expressed in terms of R2, it should be
clear that it in fact holds for RY for all N < w. We work in V and fix a countable
group G. Suppose C': (R?)? — G is a Borel function. Let z € w* be a Borel code for
C'. Now consider a fixed countable transitive model M of ZFC such that {z,G} C M.

Let Py = {(q,¢") x (r,7") | ¢q,¢,r,r" € Q}, our version of Cohen-forcing for pairs.
As always, p=1I xI' <q=J x J' (ie. pis stronger than ¢) if and only if I C J and
I' C J'. Further, define P to be the classical Cohen forcing whose conditions are open
sets (q,r) for ¢,r € Q. Then P x P = PP, as sets, and also as forcing notions, as the
following classical theorem shows.

Theorem 2.6 ([24]). A filter Gy x Gy is M-generic for Py iff one of the following
holds:

(1) Gg is M-generic for P and Gy is M|[Go]-generic for P.

(2) Gy is M-generic for P and Gy is M|G1]-generic for P.

Corollary 2.7. Forcing with Py x Py is equivalent to forcing with the product P x P x
P x P, which is equivalent to iterating classical Cohen forcing four times over M.

After forcing with Py x Py, we denote the resultant M-generic tuple by (ag, aq, s, as),
where theorem [2.7] implies that aq is M-generic, ay is M[ag)-generic, ag is M [ag, aq]-
generic, and so forth.

Lemma 2.8. There existp=1x J and g =1'x J and g € G such that diam(q) >
diam(p), I lies in the first quadrant, and if (g, aq, ag, a3) € p X q is M-generic then
C((a07 CYl)a (042, @3» =4g.

In other words, some condition forces C' to be constant on all generics inside it. For
notation, we say D(I x J) < D(I' x J')if I C " and J C J'.

Proof. Firstly, note that being a Borel code is T} [I8] 11.25.44], and hence absolute by
Shoenfield absoluteness [I8, 11.25.20]. Therefore, the interpretation C* of z in M is
a total function from RM to G (recalling that G = {¢g; | i <w} € M), and this fact
is forced by the empty condition. Hence we may assume p extends some condition in
the first quadrant.

Let (do, &1, ds, d3) be a name for the M-generic. By the fundamental theorem of
forcing, there exists a condition p IF C(dy, &1, ag, ds) = §; for some i < w. Write
p=1xJxI"xJ. Of course, we can assume D(I x J) to be smaller than D(I’ x .J').
By theorem [2.7] this suffices. O

From now on, with M fixed, we introduce the following notation.

Definition 2.9. If p € P let p* denote the set (in V') of M-generics contained in the
condition p. We also relativise: if x is a real then p*¥ denotes the set of M z]-generics
contained in p.

Remark. A real is M-generic if and only if it intersects every dense open subset of P
that is an element of M. Since every open set in P (and hence in Py, etc.) has a Borel
code (since R" is Polish), the following observation is immediate: since R is Baire,
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the class of M-generics for P is a comeagre subset of R as viewed in V. Hence, every
condition p contains a comeagre-in-p set of M-generics.

3. THE CASE N =2

In this section, we prove that every Borel definable group extension of (R?,+) by a
group G can be trivialised by a Borel coboundary. Let

C: (R*)?* - G

be a Borel cocycle. We argue in a sequence of lemmas which eventually reduces C' to
a sum of Borel coboundaries.

Initially, we follow closely the structure laid out in [22], and the lemmas of algebraic
type carry over from their work. As an example, the base case in theorem is virtu-
ally identical to their arguments. However, the lemmas needed for our 2-dimensional
(and beyond) proof, viz. theorem and theorem are more technical due to
the topological and geometrical differences between R and R2. This is particularly
emphasised in section [d] where we prove the general case N > 2.

3.1. Geometrical complications. In the process of trivialising the Borel cocycle C,
it is our goal to show that C' is well-behaved on large and well-behaved (e.g. closed)
subsets of R?. We usually argue via generics (as there is a large—in fact comeagre—set
of them in V') and show that C' is well-behaved on generics first; then we reduce to
non-generics.

The following theorem an adaptation of Lemma 52 in [22]—is the first step in
this reduction process. We break it down into two cases:

Lemma 3.1. Suppose n € {2,3}, and assume that x1,y1, ..., Ty, Yo € p* satisfy

Zﬂfizzyi-

i<n i<n
Then C(xy,...,xn) = C(y1, ..., Yn).

The proof is very similar to that of [22]; however, in our context, it requires the
following geometrical lemma (which is trivial on R and hence was not required in [22]).

Lemma 3.2. For x1,y1, X2, Y2, T3, Y3 € p* satisfying x1 + xo + x3 = y1 + Y2 + y3, there
exists a non-zero € € R? for which

{x1+ex9—€,y20+} Cp

where § = (y; — x1) — €. This € can be chosen to be {x1,y1, 2, Yo, T3, Y3 }-generic over
M.

Let 7y denote the projection function onto the first coordinate in R?, and define m;
similarly.

Proof. Suppose we are given x1,y;, To, Y2, T3, y3 € p*. First, assume that

mo(w1) = mo(y1) and mi(z1) > mi(y1)

where the choice of indices and coordinates is made without loss of generality. There
are two cases.
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(i) First, assume the two remaining pairs can be split up into (x2,y3) and (x3, y2)
both not pointing downwards, and let Dy = my(x1) — m1(y1). Since 1 + x9 +
r3 = Y1 + Y2 + Y3, we may assume w.l.o.g. that m(yz) — mi(x3) > D;/2. Let
€ = (0,m(z2) —m(ys) — ) where v > 0 is sufficiently small and generic (such
a -y exists since p is open). It is easily verified that this e works.

(ii) Second, suppose only one of the two remaining pairs points upwards, w.l.o0.g.
(x2,y2); hence 71 (y2) — m(x2) > D;. Then choose € = (0, —7) where 0 < v <
Dy /2 is sufficiently generic. Again, it is easily verified that this € works.

Now suppose that no pair (z;,y;) out of z1,y1, s, Y2, T3, y3 can be arranged to share a
coordinate. We argue geometrically: since ), _,x; = Y. 5 ¥s, we know that >, (v —
z;) = 0; hence consider the triangle A whose sides are given by the vectors (z; — ;).
Its set of vertices V' is identified with the pairs of vectors that induce the edges. In
particular, let v be the vertex of A where (y, — x2) and (y; — 1) meet.

Let R; be the unique rectangle with diagonal (y; — x;) and sides parallel to the
horizontal and vertical axes; then | J,.; R; bounds a rectangle inside A. Further, each
R; is a shift of the unique condition p; bounding the pair (z;, ;).

By an easy geometrical observation, and w.l.o.g., we have RN Ry # (), and RyNR3 =
(). Now, let € = 3+~ where 8 € Ry N Ry, the shift v is sufficiently generic, and the
following hold:

(1) z1+e€e€p

(2) Tog—€ED

(3) v+¢€ € R3

A sufficiently small 7 exists since p is open. By symmetry of R (and hence of p3),
since v+e€ € R3, we have y3+0 € p3 C p. Relabelling y3 to y, completes the proof. [

Proof of theorem[3.1. For n = 2, the proof is identical to the argument in [22], which
we include here for completeness. Let x1, x9, y1,yo € p* satisfy x1 +x9 = y1 + y2. Take
a sufficiently small condition ¢ < p such that there exists a generic z € ¢*lF1=2v1.v2]
for which 2/ = z + (y; — 1) € ¢. This exists since p is open. Now C(z1,29,2,2") =
C(y1,Y2, 2, 2') by the following argument: by the properties of abelian cocycles,

C(Itha 272/) = C(,’,ChZ/) + C(x27 Z) + O(xl + Z/,ZL'Q + Z)
=29+ C(x1+ 2,29 + 2)

since the pairs in the first two terms are generic (cf. theorem [2.7)). Similarly,

C(ylay% Z, Z/) = C(yb Z) + C(y27 Z/) =+ C(yl + Z,Y2 + Z/)
=29+ C(yp + 2,2+ 7).

Now recall that x1+x9 = y; +12; hence xo+2z = yo+2’, and the equality 2’421 = z+y;
is immediate from the definition. Further,

C(x1,@9,2,2") = C(x1,22) + C(2,2") + C(x1 + 29,2 + 2)
=C(y1,y2) + C(2,2") + C(yy + y2, 2+ 2)
= C(yl>y27 2 Z/)

from which the case n = 2 follows immediately.
For n = 3, we use theorem : let (€, d) be as provided by the lemma. Then define,
as in [22], the sequences (2}) and (y;) such that z = y4 and

xllle—f_ea IEIQZIEQ—E, yizyl_éa y;:y2+5
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which yields the result at once from the special case above and the properties of abelian
cocycles. U

We prove below the full version of theorem [3.1 Due to the topological differences
between R and R?, the general case of our proposition below is more involved than
Kanovei and Reeken’s counterpart.

Proposition 3.3. Theorem [3.1] holds in fact for all n > 2.

We will prove the proposition by induction; consider case the k + 1. Before we give
the intricate general proof, we reproduce the special case from [22], which also applies
in the case N = 2 (and in fact for every N): we assume that x, = y, for some ¢ < k+1.
To that end, suppose the proposition holds below k + 1, let x1,y1, ..., ki1, Yrr1 € D*
be given, and suppose w.l.o.g. that 1 = y;. Then the lemma follows immediately:

C(1,...,x511) = C(g, ..., 2) + Clxa + ... + Tppy1, 11)
=Ca - ) FCy2 + -+ U1, 01) = CWr, -, Y1)

by the inductive hypothesis and the definition of C' for more than two inputs, as
required.

The general proof of theorem is explained geometrically by considering the £+ 1-
gon I" constructed by concatenating the vectors (y; —z1), ..., (Ypr1 — 1) (recall that
the specific labelling of vectors is inconsequential). As before, for every (y; — z;), let
R; denote the rectangle bounding it, which can be considered the translation of an
associated condition p; C p. Since p is open, we may extend p; by a small amount in
all directions without leaving p; we use this fact repeatedly.

First, we prove another geometrical lemma.

Lemma 3.4. With x1,y1,..., 25,y € p* and k > 3, its associated k-gon I' can be
transformed into a k-gon I" containing an edge parallel to the second axis without
changing the value of C' on I".

Proof. Let T' be the k-gon induced by the vectors (y; — x;). W.lo.g. let (y; — x1)
be the vector with the smallest positive mp-shift; that is, 0 < b = mo(y1) — mo(x1) is
minimal among all pairs (z;,y;). Since Y x; = Y y;, there exists (y2 — z3) for which
mo(x2) > mo(y2). Write b = e 4+ d where e is sufficiently generic, and define

Ty =x1+ (e,0), b = x5 — (e,0)
Yy =y —(d,0), yp = y2 + (d,0)

and put x; = x; and y; = y; everywhere else. Now, all 2}, y, € p* by minimality of b,
and further, " 2f = > x; and Yyl = > y;. But since k > 3, there exists j for which
x; = 2 and y; = y;. By the special case,

C(xy,...,zx) =C(2y,...,2) and Clyr,...,yx) = Clyy, .., YL)-

Finally, the vector (y; — «}) is vertical since mo(z}) = mo(x1) + € = mo(y1) — d =
mo(Y1)- O

By symmetry, the same argument holds for the first axis (or any axis in RY). The
following proposition can be considered a repeated application of theorem 3.4 which
“smooths” the k-gon I' induced by the set of points z1,v1, ..., i1, Yrr1 until one of
its sides vanishes.
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Proof of theorem (3.5, Suppose x1,y1, ..., Tks1,Yk+1 € p* and there is no pair (4, 5) for
which x; = y;; hence the special case does not apply. By theorem , we may assume
the vector (y; — x1) to be vertical, and assume w.l.o.g. that m(z1) > m(y1). By

minimality, there exists n < k+ 1 and 44, ...,4, such that
Z(Wl(yz'j) —m(zy)) 2 m(z1) — mi(y1)
j<n

and 71 (y;;) — mi(z;) > 0 for all j < n. We now build sequences (yzm - xf)) and
(e(ﬁ),d(z)) for 1 < ¢ < n as follows. First, let xgl) = g, and yfl) =y; forall e < k+ 1.
(0)

We construct the sequence by recursion on ¢: with (yl@ — z;’) given, consider the

following two cases:
(a) Suppose there exist e, d € (0,7 (y;,) — m1(x;,) +a) (where a is sufficiently small
such that p;, + (0,a) C p) for which e is sufficiently generic and
¢ ¢
29— (0,e) = 4\ + (0, d).

Then let (el?,d®) = (e, d) and stop the recursion.
(b) If no such pair exists, pick e € (m1(ys,) —m1(xi,), m1(ys,) —m1(x;,) +a), sufficiently
generic, and put (e, d®) = (e, e).
Now define:

2D — 20 _ (0 ) xﬁf*” - 3;55) +(0,e)

+1 ¢ 041 ¢

Y =+ (0,d9) Y =yl — (0,d9)
The following claims ensure that the result follows.
Claim 1. C(zq,...,211) = C(azge), . ,x,(fll) for all £ < n.
Proof of Claim 1. The construction shows that >, z; = i:py) . Since at least one
® 0 (+1)
J J J
the special case. The same argument holds for the sequences (yzm). Since Y x; = > yi,

we have for all ¢, ¢
S :

Claim 2. Case (a) above occurs in fewer than n steps.

value x;” is preserved when passing from z’ to x , induction proves the result from

Proof of Claim 2. Let DY) = 7y (x1) — m(y1). Suppose Case (a) does not occur. Then,
by construction,

eV > T (Yiy) — mi(zs,)

and so
D® =7 (2}) — m(y)) < DY — e,
Since Y mi(yi;) — mi(xi;) = mi(21) — m1(y1), the result follows by induction. =
Claim 3. When Case (a) is applied at stage £ + 1, then
41 41 41 41
O™, e = o™ ).

Proof of Claim 3. By construction,
i =2 = (0,) = i + (0,d") = "V
and by Claim 1 and the special case the result follows. -
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Combining the claims yields the sequence of equalities
C(Il, e ,l’kJrl) = C(ng—l-l), e ,.%]E;e_:_ll)) = C(ygm_l), e 73/]2?11)) = C(yl, . 7yk+1>
which completes the proof. U

3.2. Trivialising in stages. The previous proposition shows that C' is well-behaved
under equal sums of sequences of equal length. In order to fully trivialise C' to a Borel
coboundary, we require more, both algebraically and combinatorially. Most of the
arguments in this subsection are of algebraic type, and hence carry over from R to R?;
in this subsection, we reproduce lemmas from [22] with additional detail, and follow
their general proof structure.

Accordingly, we introduce some notation: given a sequence x1,...,T,, denote it by
(Z)n, and hence let > (Z), = 1 + ... + x,. We also write (), € p* if z; € p* for all
i <n,and C((z),) = C(z1,...,2,). When the length of (z),, is clear, we also simply
write z in its place. Further, if £ < w and g € G, write kg = g + ... + g containing
k-many terms.

The following two combinatorial lemmas are due to [22]. As results in this subsec-
tion, as can be seen from their proofs, hold for all R; we state some without proof
and refer to [22] for details.

Lemma 3.5 ([22], Lemma 53). Suppose (Z)n, (§)m, (" )y (§ ) € p* where 1 <m <n

and 1 <m' <n'. Suppose > (T)n =D (Y)m = s and S = (Y ) = 8. Then
(n" = m')(C(z) = C(y)) = (n —m)(C(@') = C(¥)).

Lemma 3.6. There exist ,7 € p* and n < w such that (n + 1) = ng.

Proof. Fix any x € p* and consider the straight line L containing the origin and =x.

Since p is open, there exists n < w for which (1 + %) x € p* N L, which yields the
desired y. O

Definition 3.7. The pair of sequences (Z)u41y and (§)n given by x; = T and y; = §
for all i is the canonical pair, denoted by (A, ). The canonical group element is
given by
9=0CA) = Cn).

Lemma 3.8. For any (Z)n, (§)m € p* withn > m and Y & = >y, we have C(T) —
C(y) = (n—m)g.
Proof. Theorem implies (n + 1 —n)(C(z) — C(y)) = (n — m)(C(\) — C(n))
(n—m)g.

Following [22], we define C;: (R?*)* — G given by

Cl(l‘ay) = C($7y> - g

By induction, we have C1((Z)n41)) = C((Z)(n+1)) — ng. Now, observe that Cy(x,y) —
C(z,y) = —g, a Borel coboundary: to make this explicit, write B(xz) = —g so that

Cp(r,y) = B(z) + B(y) — B(x +y) = —g.

Hence it suffices to prove that C is a Borel coboundary. Luckily, C satisfies stronger
closure properties than C'.

Lemma 3.9 ([22] Corollary 54). If (Z)y, (§)m € p* satisfy > (Z)n = Y (Y)m andn > m
then Cl(j) == Cl(g)

ol
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Proof. By the inductive remark, theorem [3.§| proves
Ci(z) = Ci(y) = C(x) = C(y) = (n = 1)g + (m —1)g
=C(@)-C(H) — (n—m)g = 0. O

3.3. Trivialising on a closed set. From the difference in complexity between our
theorem and Lemma 52 in [22], it is clear that the case R? is not an immediate
consequence of the theorem in the case R. The topological differences between the
spaces are emphasised in this section, where we overcome obstacles not present in the
1-dimensional case. These can be reduced to the properties of a set t(x) associated with
each r € R% Trivialising on ¢(z)—similar to trivialising on [M, 00) in [22]—suffices to
prove the theorem.

We begin by identifying a well-behaved subset of R? on which the invariance prop-
erties of Cy apply more broadly. For k < w, let

k-p={(kxy,kxs) | (z1,22) €Ep}.

As we assumed that p lies in the first quadrant, there exist M < w and distinct straight
lines Ly, Lo such that:

e there exists a straight line L through the origin for which, for some z =
(21, 22) € R?, the infinite line segment

LF={(ry,22) €L | 21> 21 AT9> 2}

is contained in p* = J,o k- 15
e L; and L, are neither equal nor parallel, L; N L, C p*, and the region bounded

by Ly, Ly which is wholly contained in the first quadrant is also contained in

pt.

We show below that such points and lines always exist. We need some notation. In
R denote the origin by O. Given a condition p, denote its topological closure by p,
and its topological boundary by dp. Let d denote the Euclidean metric.

Lemma 3.10. Such M < w, straight lines L, L1, Lo, and 2 € R? exist.

Proof. Consider the sequence (k- p)i<., of conditions (read open sets), where each k- p
has vertices v}, vZ, v3, v}, labelled anti-clockwise starting with the vertex closest to the
origin. Since p is open, we may assume that p is not a square. Hence suppose that
mo(vi) — mo(v)) > m(vd) — m(v?) (i.e. p is wider than it is high); the other case is

similar. Define auxiliary straight lines L, L{, by

{O,vi} C L) and {O,v}} C L.
Note that {v} | k <w} C L] and {v} | K <w} C L}. Let v/ be the unique point
at which dp \ {v3} and L} intersect. Now, define w to be the unique v € dp for which

d(vi,v) = d(v',v) and for which this distance is minimal. That is, w € Op and sits
exactly halfway between v{ and v'. Let L be the straight line satisfying

{O,w} C L.

To see that for some M < w we have (M -p) N ((M + 1) - p) # 0, assume w.l.o.g. that
p is wider than it is high. Write v{ = (z1,72) and v]{ = (y1,%2). Then M < w is as
needed if

X1

Y1 — 1
To complete the proof, fix Z € LN (M - p) for a sufficiently large M. Choose L; to be
the unique line parallel to L} containing Z, and define Ly similarly. O

M$1<(M+1>$1<My1 — M >
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In the 2-dimensional case, the definition of 7" is best given in polar coordinates: let
L, be the unique straight line through O with angle 6, and define L, and 65 similarly.
Suppose that Z = (s, ¢).

Definition 3.11. With z, Ly, Lo, and L given as above, define
T={(r0)ecR | r>snf,<0<0,}.

One can think of 7" as the cone induced by the lines L/, Lj shifted to Z. Observe
that Z € T. By construction, we may choose Z to not be contained in p, which we
assume from now on. Hence T'Np = (.

Lemma 3.12. With T defined as above, the following hold:

(a) T is non-empty and closed (hence in particular Borel).

(b) L* CT.

(c) T is closed under addition.

(d) The interior of T has infinite diameter: for every K < w there exists y € T
such that the open ball Bk (y) of radius K and centre y is contained in T

Proof. These are all routine. It is clear from the construction that (a) 7" is non-empty
and closed (it is the closure of the area bounded by L; and Ly in the direction of
(00,00)), and similarly (b) is immediate. The fact (¢) that T is closed under addition
follows easily from the construction of 7" and by using polar coordinates. Since L; and
Lo are not parallel, the interior of 7" must have infinite diameter, proving (d). O

Importantly, every real in 7" can be expressed as a sum of generics:
Lemma 3.13. Ifz € T then there exists a sequence of generics (T), for which z = .

Proof. Let z = 2z where x € p\ p*. We find z1, 25 € p* for which z = x; + x9. Let
r < p contain x, and let € be M-generic and sufficiently small so that 1 = x 4+ € and
xr9 = x — € are elements of r*. Now z = x1 + x5 as required, and it follows by induction
that every z € k-p (for any k > 2) can be written in the required form. Since T' C p*,
the lemma is proven. Il

We begin to trivialise cocycles to coboundaries. As in [22], theorem shows that
the map F': R? — G defined by

Flz) = {C’l(xl, oy fz=>(7), €T

0 otherwise

for (z), € p* is well-defined. Further, as C is Borel, the graph of F'is clearly analytic;
hence F'is a Borel function and Cr is a Borel coboundary. Now define

Cy(z1, x2) = Ci(z1, 72) + Cr(71, 22).
Lemma 3.14. If (Z), € p* and Y (%), € T then Cy(Z) = 0.

Proof. By induction. For n = 2, it is easily seen that Cy(x1,29) = F(21) + F(29) =0
by definition of F' and since TN p = (). Thus, theorem implies

CQ($1, Ce ,an) = 01(131, Ce ,$n+1> + C’F(xl, e ,$n+1)
:Cl(xl,...,:vn+1)—F($1+...+xn+1). ]

Importantly, the invariance of Cy on generics in fact extends to all of T, which
follows from the combinatorial properties of abelian cocycles.

Corollary 3.15 ([22] Lemma 55). If z,y € T then Cy(x,y) = 0.
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Proof. Suppose x = Y (%), and y = > (§)m, all generics in p (this is possible by
theorem [3.13)). By the algebraic properties of Cy and the previous lemma we have

Co(Z, ) — Ca(Z) — Ca(y) = Ca(w,y)
where all terms on the left-hand side equal 0. U
We are now ready to define the aforementioned class of families ¢(z).
Definition 3.16. For every x € R?, let t(x) C R? be defined by
tz)={yeT |z+yeT}.
Lemma 3.17. Let z,2',w € R2.

(a) t(x) # 0

(b) t(x)Nt(a') #0

(¢) If x,2" € T then there exist z,2" € t(x) Nt(z") N t(w) for which we have

r+z=1+2.

Proof. For (a), let x € R? be given. If x € T then x +x € T, thus x € t(x). Similarly,
if v € L\ T (with L defined as in theorem , take a sufficiently large y € L* C T
satisfying z +y € T. Hence suppose x € R? \ (T'U L). Recall that T has infinite
diameter (theorem [.12|[(d)). Hence let z € T be such that Bjy+1(z) € T. Then
T+ 2z € By41(2) C T. Part (b) follows easily; in fact, the result holds for all finite
intersections by a similar argument.

For part (c), let T, = {x +y | y € T} be the shift of 7" to x. Since L; and Lo
(as defined in theorem [3.10) are not parallel, it is easily seen that if x,2’ € T then
T. N Ty # (), and in fact also has infinite diameter. As in (a) above, let v € T be
such that Bj,4+1(v) C T N T,y. Then any element in Bj,|41(v) can be decomposed as
desired. 0

Since the set T is closed by construction, the following is immediate.
Corollary 3.18. For every x € R?, the set t(x) is Borel.

Define J(z) = Cy(x,Z) where & € t(x). By our construction, the choice of Z is
inconsequential, highlighting the Cs-invariance on T'. To see this, first recall that

Colz,y) = Crl(w,y) — Fle+y) = Clz,y) — g — Flz +y) = Co(y, 7)
since R? and G are abelian, and since C' is an abelian cocycle.
Lemma 3.19. J is well-defined and a Borel function.

Proof. By theorem [2.2]
J(x) = Cy(x, ) = Co(&,x) = Co(T, 2) + Co(T + 2,2) — Co(E + , 2)
for every z € R?. Hence if z € t(z) then theorem and theorem imply

J(x) = Cy(Z + z,x). Now suppose Z,7' € t(z), and, using theorem [3.17]|(c), let
z,2 € t(x) Nt(z) Nt(Z') be such that T+ z = &’ + 2. Then
Co(Z,2) = Co(T + z,2) = Cx(&' + 2/, ) = Co(T, ).
To see that J is Borel as a map, first note that C is Borel by construction. Hence

it suffices to show that the set {t(x) | x € X } has a Borel choice (or uniformisation)
function. To that end, let P C (R?)? be the relation

(r,y) € P < y € t(x).
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Clearly, P is a Borel subset of (R?)? and, fortunately, every section P, has a canonical
witness, which we identify as follows: fix x and travel along L starting at Z towards
the point at infinity (0o, 00). Then the first y € L* for which a sufficiently large closed
ball centred at y is contained in 7" does the trick (recalling that 7" is closed shows that
this is well-defined).

To formalise this, consider L? and define the function p: R? — R? by

plx) = rr|1yi|n {y € LI” | By(y) C T}

where B, (r) denotes the closed ball of radius 7 and centre z. It follows from the
properties of T' from theorem that p(z) is well-defined and as desired. To see that
p is Borel, recall that a function is Borel if and only if the pre-image of every basic
open set is Borel [23] 11.C]. Fix a condition ¢ C R?; we show p~![q] is Borel using
theorem . We may assume that ¢N L* # () since otherwise p~![g] = 0. By definition
of p we know that Z & ran(p); hence ¢N L? is homeomorphic to the open interval (0, 1).
Let

b=0CZ®q) & (p® 01 ®b)

where ¢ codes the limit points of ¢ N L?; we use this as an oracle to apply theorem [2.1]
Given z € R? first compute |z| + 1. From the limit points c¢i,c; € L* of ¢ N L?
(which are coded into ) compute the largest radii 71,75 such that B, (¢;) C T and

B,,(c2) € T, which requires finitely-many jumps from b (recall that |¢;| < |e2]). By
construction, ry < ro, and if r; < |z| + 1 < ry then z € p~![q], which proves the result

by theorem [2.1] O

To complete the proof of theorem [3.21], it suffices to show that C5 is a Borel cobound-
ary. For each z € R? let

T =p(x) € t(x)
which we call the canonical witness for z.

Lemma 3.20. Let v,y € R% If z € t(z) Nt(z +y) then z + x € t(y).

Proof. By definition, z € t(x) implies z +x € T. Since z € t(z + y) we also know that
z4+x+y€T. Hence z + z € t(y). O

Suppose z,y € R? and choose z € t(x) Nt(y) Nt(x +y). Then
02(11’},y) = OQ('TVZ) + 02<J: + Z)y) - 02(x + y7Z>

= Cy(z,2) + Cay(x + z,y) — Co(x + y,xf%\—/y)
= J(x) + Cao(x + 2,9) — J(x + ).

Finally, notice that z € t(z) N ¢(z + y) implies = 4+ z € ¢(y) by theorem [3.20] Hence
Co(x + 2,y) = Coly, v + 2) = Ca(y, 9) = J(y)
and so Cy(z,y) = Cy(z,y). Now,
Cy(x,y) = Co(w,y) = Ci(w,y) + Cp(z,y) = Clz,y) + Cp(2,y) + Cr(z,y)

and thus C(x,y) = Cy(z,y) — Cp(x,y) — Cr(z,y), a sum of Borel coboundaries. This
suffices by theorem 2.5 Hence we conclude:

Theorem 3.21. For every group G we have H3,, (R?, G) = 0.
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4. THE CASE N > 2

Let N > 2 and G be a group. Suppose C': (]RN )2 — ( is an abelian Borel cocycle
with Borel code 2z and let M be a countable transitive model of ZFC containing z and
G as elements. As in section [2.2] we assume there exist N-dimensional conditions
p=ILx...xIy CRYN and ¢ = J; x...x Jy satisfying that each I; C (0, c0) (so p lies
in the N-dimensional “first” quadrant, octant, etc.) and so that there exists g € G for
which C(z) = g for every z € (p x q)*. Further, we may of course assume D(p) < D(q)
(cf. after theorem [2.8). We also stipulate that |I;| # |I;| for all i # j, which is needed
in theorem (4.2 below.

We retrace the arguments from section [3| In order to prove the theorem along our
arguments in the previous section, we need to prove higher dimensional versions of our
topological lemmas. We begin with a high-dimensional version of theorem [3.3}

Proposition 4.1. If (Z),, (§), € p* and > T = >y, then C(z) = C(y).

Proof. As before, the special case is combinatorial and hence applies: if there exists
¢ < n for which x; = y, then the lemma follows immediately. If n € {2,3}, then we
are also done: if n = 2, the combinatorial argument in [22] applies; if n = 3, then the
vectors (y; — x1), (Y2 — 22), (y3 — x3) bound a triangle A. Since p is open, the same
argument as in theorem holds, considering A in its induced plane inside p. Hence,
assume n > 3 and that there exists no pair (4, j) for which x; = y;. Note that the
arguments in theorem and the recursion in the proof of theorem do not depend
on the number of dimensions in the ambient space; they can be carried out identically
in RY for any N > 2. O

Recall that the results in section [3.2] are purely combinatorial, hence apply immedi-
ately in the case N > 2. The remaining argument reduces to translating section
to N. In fact, the only obstacle is to correctly define T; all subsequent arguments are
combinatorial.

Recall the case N = 2 and denote the set T" defined in section [3|by 7(2), to highlight
its topological dimension. We defined two auxiliary lines L}, L}, which induce 7'(2): it
is the space bounded by L/, L} in the direction of the limit point (0o, 00). Note that
T'(2) is homeomorphic to the closed upper half plane, which we denote by

U2:{(I1,I2) | ) ZO}

For each N > 2, we define a set T'(IN) homeomorphic to U, the N-dimensional closed
upper half plane given by

UN ={(z1,...,2n5) | any >0}

With the condition p C RY fixed as before, it is easily seen that there exists M < w
for which (M -p) N ((M +1)-p) # 0 (cf. theorem [3.10)). Indeed, consider p as an N-
dimensional hypercube in RY. By assumption, all 2V-many vertices of p are positive.
The existence of M < w is derived exactly as in the two-dimensional case: the shortest
side of p gives a sufficient bound for M just as in the proof of theorem |3.10 Hence,
fix such an M, and consider the induced set p™.

From now on, we write X =Y to mean that X and Y are homeomorphic. The set
of straight lines containing the origin O is given by L.

Proposition 4.2. There exists a subspace T(N) C p* C RY, homeomorphic to U,
which shares the properties of T(2) on R
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Before we give the proof, we require a technical lemma. Let Rj,; denote the N-
hypercube given by the intersection (M -p) N ((M + 1) - p), and define Ry, for k > M
similarly. We assume here that Rj; is homeomorphic to D¥, the closed disc of N
dimensions. To define T'(IN), consider auxiliary lines L}, L, € Lo which bound each Ry,
for k > M; we make this precise below. The induced subspace will serve as our
space T'(N).

To define the relevant notions, we need the following lemma first. Denote the set of
vertices of Ry by V(Rys), and define V(k - p) similarly.

Lemma 4.3. Letk > M. Then V(Rx)NV (k-p) and V(Rx)NV ((k+1)-p) are distinct
singletons.

Proof. By shifting and shrinking, w.l.0.g., express the set V(M - p) as the set of {0,2}-
words of length 2V, and similarly, V((M + 1) - p) as the set of {1,3}-words of length
2NV, Now, a vertex v € V(M - p) is an element of (M + 1) - p if and only if each of its
coordinates lies in the interval [1,3]. Clearly, only the vertex (2,2, ...,2) satisfies this.
By an identical argument, the only vertex v € V((M+1)-p)in M-pis (1,1,...,1). O

For a subset A C R¥, let its interior be denoted by A°.

Lemma 4.4. There exists a line L' € Lo such that, for every k > M we have RyNL' #
0.

Proof. Let v, € RN be as provided by theorem , where

By definition of & - p, there exists v~ € V(p) for which vy = (k+ 1)v~. Note that vy is
the vertex of V((k + 1) - p) closest to O. Since the set {v; | i < w } lies on a straight
line containing O, defining L' € Lo to be the unique line containing v; suffices. O

As provided by the previous lemma, fix the straight line L that passes through every
Ry.. Let By be the N-dimensional open ball contained in R}, with centre on L and
of maximal radius so that 9By, N IRy # (). Define a sequence (By)>a such that:

(1) 0By NORy 7£ 0

(2) if L' € Lo and L' is tangent to By, then L' is tangent to By, for every k > M.
Since all sides of Ry grow by a constant as k increases, a straightforward geometrical
argument shows that the latter condition can be satisfied. This also shows that

lim diam(By) = co.
k—o0
The following corollary is now immediate.

Corollary 4.5. The sequence (By)i>n induces an N-dimensional hypercone H. In
particular, H has infinite N-dimensional diameter.

Since all sides of (k + 1) - p are larger than their respective sides of By, we see
that, once H enters p™, it does not escape: the radius of Bj, is bounded above by the

shortest side length of Ry, which is bounded above by the shortest side length of & - p.
By construction, all bounds are strict.

Proof of theorem[{.3. With p C R" fixed, consider the hypercone H (induced by the
N-sphere B);) as given by lemmas and Isolate its positive filled part, defined
by
r=(21,....7x) EH" =
(3L € Lo)(x € L' AN(Vm < N)(x, > 0) A L' NOBy # 0).



18 LINUS RICHTER

It is easily seen that
oH" =|J{LeLo | |ILNIBy| =1}

and hence OHT = RN, And since HT is clearly convex, it has trivial homology
for every k > 0 [7, 10.8]. By taking the stereographic projection we hence see that
H = UN. To define T(N), fix some zZ € L Np* (as before, we may assume 2 ¢ p) and
take the shift H* + Z defined by

HY+z2={z+z|zeH }
Since H' + Z C p*, we define T(N) = H* + Z. The important properties of T'(2)

from lemma carry over to T(N) since HT is closed, has infinite N-dimensional
diameter and T'(N) = UY. O

To complete the proof, note that the family {t(x) r € RN } can be defined as in
theorem , and shares the properties of theorem The map J (as defined on
RY) is Borel by the same argument as in theorem [3.19, Since all remaining lemmas
in section are algebraic, we conclude:

Theorem 4.6. Hi,, (RY,G) =0 for every N < w and every group G.

Proof. The case N = 1 is [22, Theorem 49]; N = 2 is theorem [3.21] The remaining
cases were covered in section [} Hence the theorem is proved. 4

5. OPEN QUESTIONS

In the present work we have focussed on the special cases of Borel definable group
extensions of RY by a countable group G. If G is uncountable Borel (recall theorem :
G is a Borel subset of some standard Borel space, and the group operation is a Borel
function), the forcing arguments in section |3 do not apply as Cohen forcing has the
c.c.c. [11].

This obstruction is fundamental [22) p. 265]: based on an idea of Greg Hjorth,
one can construct a Borel subgroup G < R and a Borel cocycle C' such that C is a
Borel coboundary in HZ_ (R, R) but not in H3_ (R, G)—by theorem [1.2[ such a G is
necessarily uncountable—which shows that theorem[I.2|fails in general for uncountable
G. (It should be noted that a similar construction works for Cantor space 2 [6], 21].)
This leaves the following question open:

Question 5.1. What can be said about the structure of Hg,, (RY,G) if G is Borel
and uncountable and N > 27

Contrasting the relationship of theorem [1.2] with our theorems and one can
consider the impact of the properties of G on Hg,, (R, G) for varying N and ask:

Question 5.2. For which (group-theoretic) properties P is the statement
HE,(R,G) = HE,, (RN, G) whenever G has property P

true for all N < w? For which properties P do both HZ (R,G) and HZ, (RY,G)

vanish for all N < w whenever G has property P?

For instance, in this paper we have shown that the property of “being countable” is
sufficient to answer the second part of theorem [5.2] affirmatively.

While Hjorth and Kanovei-Reeken have proven that HZ, (2*,2%) and H3Z_(2*,G)
are non-trivial—the latter even for finite G [22, p. 265]—the following questions remain
open to the author’s knowledge.
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Question 5.3. What can be said about the structure of HZ  (w*, G) for countable (or
Borel uncountable) G? What about H3_,(w*,w®)?

Further, one can consider the study of definable group extensions of groups with
more “homological” structure and solve the associated classification problem in the
context of Borel equivalence relations, orbits, and group actions (see [Il, T3] for back-
ground). Particular cases in this context have been studied in-depth, and various
classification results have been obtained (e.g. the preprint [26] for certain countable
groups; in spirit, these are related to theorem [5.2)).

However, for other spaces answers are scarce. Take for instance the p-adic inte-
gers Z, for p prime. This ring can be expressed as the inverse limit of the sequence
(Z/p,Z/p?*,...), and is hence Polish [14]. While progress has been made on related
definability problems in terms of homological algebra and Borel equivalence relations
(e.g. [2,3]), one can wonder about the effect of the inverse limit construction of Z, on
trivialising Borel cocycles, and whether these can be turned into Borel coboundaries
in a step-by-step argument along the limit. Further, Z, also carries algebraic structure
(it is a valuation ring, a local ring, etc.), which could be investigated in this context.
So, we ask:

Question 5.4. What can be said about the structure of H3,,(Z,, G) for G Borel and
countable, or otherwise?
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