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Abstract. We study the complexity of simple semi-conditional grammars (SSCGs)
in terms of the number of their terminals and non-terminals. We show that SSCGs
with three non-terminals can generate all RE languages; two non-terminals suffice for
linear languages; and one suffices for unary regular languages. We also determine both
upper bounds and fundamental limitations of SSCGs: while certain one-non-terminal
SSCGs can generate non-context-free languages, every language generated by a one-non-
terminal SSCG is in non-deterministic linear space. We also prove that there exists a
regular language of alphabet size≥ 3 which cannot be generated by any one-non-terminal
SSCG. Finally, we prove that membership testing for SSCGs of two non-terminals is
already NP-hard.

1. Introduction

1.1. Background. We study the descriptive complexity of certain regulated rewriting
grammar formalisms which have been previously proven to be computationally complete.
More precisely, we investigate the non-terminal complexity of such grammars. Our mo-
tivating question is:

What is the smallest number of non-terminals sufficient to describe each
recursively enumerable (RE) language?

For the very classical rewriting mechanisms—such as graph-controlled, programmed,
or matrix grammars (all with appearance checking)—this question was studied in a se-
quence of papers, finally bringing the number of required non-terminals down to 2, 3,
and 3, respectively [FFOR07]. There, it was also shown that one non-terminal is insuffi-
cient to produce all RE languages, but sufficient to obtain all linear languages with graph
control. Conversely, it was also remarked at the end of [FFOR07] that Example 4.1.1
in [DP89] shows that this dramatic collapse of the non-terminal hierarchy does not occur
with random context grammars with appearance checking; in contrast, for these gram-
mars, the family of languages generable with k non-terminals is a proper subclass of the
family of languages generable with k + 1 non-terminals. Hence, it is interesting to study
related grammatical mechanisms. This is why we study so-called simple semi-conditional
grammars in this paper.

Generalising conditional grammars due to Kelemen in 1984 [Kel84], Păun introduced
semi-conditional grammars (SCGs) one year later [Pău85]. Here, each rule is associated
with two strings called the permitting and forbidden string. A rule can be applied to
a sentential form w only if w contains the permitting string (i.e., positive context) and
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does not contain the forbidden string (i.e., negative context) as a subword. A semi-
conditional grammar is termed simple (denoted SSCG) if for each rule at most either the
permitting string or the forbidden string is present [MG94]. Notice that SSCGs generalise
Kelemen’s conditional grammars, too. Quite some research focused on the so-called degree
of (simple) semi-conditional grammars, which is the pair formed by upper-bounds on the
length of the permitting and forbidden strings. Based on these bounds, further bounds
on other descriptive complexity measures were investigated [FKOR21]. For instance, the
number of conditional rules have been of interest in [Mv02].

In this paper, our main focus is the number of non-terminals of these grammars. This
measure of descriptive complexity has been investigated before with semi-conditional
grammars, but only in passing. In [FKO18], it was shown that five non-terminals suffice
in the case of SCGs of degree (4, 1) to describe every RE language, while in [FKOR21], it
was proven that six non-terminals are enough for this purpose for SSCGs. What can be
achieved if only one, two, or three non-terminals are allowed, disregarding other measures
of descriptive complexity?

1.2. Our Theorems and the Structure of This Paper. We show that every RE
language can be generated by an SSCG with three non-terminals (Theorem 7.1). Fur-
thermore, it is shown that every linear language can be generated by an SSCG using two
non-terminals (Theorem 3.1), and every unary regular (i.e. unary context-free) language
can be generated using one non-terminal (Theorem 4.1). However, there are regular lan-
guages over alphabets of size 3 which cannot be generated by any SSCG with only one
non-terminal (Theorem 4.2). It is open at present if every regular language over a binary
alphabet can be generated by an SSCG with two non-terminals.

We also show that there are SSCGs with one non-terminal which generate a non-
context free language (Theorem 5.1). However, a language generated by any SSCG
with one non-terminal is in non-deterministic linear space (Theorem 5.2). Finally, we
give a complexity characterisation for membership testing: for SSCGs with only 2 non-
terminals, membership testing is already NP-hard (Theorem 6.1).

A summary of our results can be found in Table 1, where we refer to the Chomsky
Hierarchy explicitly. We refer the reader to the Complexity Zoo [Aar25] for further details
on complexity classes and their relationships. For a survey on regulated rewriting, we
refer to the textbook of Dassow and Păun [DP89].

2. Formal Definitions and Conventions

We assume a basic understanding of formal language theory as provided in standard
references (e.g. [HU79, Sal73]). In particular, we assume familiarity with the language
classes of the Chomsky hierarchy: regular, (linear,) context-free, context-sensitive, (recur-
sive,) and recursively enumerable, listed in ascending order of complexity. In parentheses,
we have added well-known intermediate classes.

All alphabets in this paper are finite.

We now define (simple) semi-conditional grammars. We fix some notation: if w is a
word formed with letters from the alphabet Σ, written as w ∈ Σ∗, then y ∈ Σ∗ is a
subword (sometimes also called a factor or infix) of w if there are words x, z ∈ Σ∗ such
that w = xyz. The set of subwords of w is written as sub(w). As is customary, ε denotes
the empty word, and we define Σ+ = Σ∗ − {ε}.

Definition 2.1. A semi-conditional grammar is a quadruple G = (VN , VT , P, S),
where
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• VN is the non-terminal alphabet,
• VT is the terminal alphabet, VT ∩ VN = ∅,
• V = VN ∪ VT is the total alphabet,
• S ∈ VN is the starting symbol,
• P is a finite set of (labeled) productions of the form ℓ : (A → x, α, β) with

– A ∈ VN

– x ∈ V ∗

– α, β ∈ V + ∪ {0}, where 0 ̸∈ V is a special symbol, intuitively meaning that
the condition is missing

– ℓ is the label of the production

The production ℓ : (A → x, α, β) can be applied to a word u ∈ V ∗VNV
∗ if and only if

A ∈ sub(u) and (α ∈ sub(u) or α = 0) and (β ̸∈ sub(u) or β = 0).

Under these conditions, u = u1Au2 will be transformed into v = u1xu2, which is denoted
by u ⇒ℓ v. In such a case, we call α permitting and β forbidden. When there is no
risk of confusion, we avoid mentioning the label and simply write u ⇒ v. The language
of G is defined as

L(G) = {w ∈ V ∗
T : S ⇒∗ w }

where ⇒∗ denotes the reflexive and transitive closure of ⇒.

Definition 2.2. A semi-conditional grammar G is called simple (denoted by SSCG) if
for every production rule ℓ : (A → x, α, β) ∈ P we have α = 0 or β = 0.

A production rule ℓ : (A → x, α, β) in an SSCG is called a presence rule if β = 0,
and an absence rule if α = 0. For ease of notation, for presence/absence rules, we call
the corresponding strings α and β presence/absence strings. A rule is applicable
to some sentential form if the corresponding condition of said rule is satisfied by the
sentential form.

We denote non-terminals by S, T, U or S, T or S, depending on the number of terminals
required. Terminals are indexed by natural numbers; for the k-element language we hence
use 1, . . . , k, as well as 0 which, we recall, is a special symbol.

Further, we fix the following:

• Terminal symbols are denoted by letters from the beginning of the alphabet:

a, b, c, . . .

• Words (terminals and non-terminals) are denoted by letters from the end of the
alphabet:

u, v, w, x, y, z

• Non-terminals are denoted by capital letters from the beginning of the alphabet:

A,B,C, . . .

In simulated languages, we index the set of non-terminals by the natural numbers:

Z1, Z2, Z3, . . .

In such cases, we decide that Z0 is the starting symbol.
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3. Two Non-Terminals Suffice for Linear Languages

Our first result shows that any linear language, and thus any regular language, can be
generated by an SSCG with two non-terminals.

Theorem 3.1. Linear languages can be generated by simple semi-conditional grammars
with non-terminals S, T only.

Proof. Suppose the linear grammar G for a language L has non-terminals Z0, Z1, Z2, . . .,
where Z0 is the starting symbol in G. By an intermediate application of the Chomsky
Normal Form Theorem, all rules in G may be assumed to be of the form Zi → Zja
or Zi → bZj or Zi → c, where a, b, c ̸= ε are members of the alphabet.
Fix two non-terminals S, T , where S denotes the starting symbol in our SSCG. The

following table describes the SSCG for the language L. By Definition 2.2, it suffices to
define presence and absence rules:

Rule Condition on Subword Condition on G

S → ε T absent ε ∈ L

S → a T absent Z0 → a

S → aT iST i T absent Z0 → aZi

S → T iST ia T absent Z0 → Zia

S → aT jST j bT iST i present Zi → aZj

S → aT jST j T iST ib present Zi → aZj

S → T jST ja bT iST i present Zi → Zja

S → T jST ja T iST ib present Zi → Zja

S → a bT iST i present Zi → a

S → a T iST ib present Zi → a

T → ε S absent after termination

Observe that since the alphabet of G is finite, the table above is also finite. Hence, the
induced SSCG is indeed well-defined.

Verification. Let u ∈ L be given by a derivation sequence S ⇒∗ u. Suppose the
derivation has steps u1, . . . , uk. By definition of linear grammars, each ui for i < k
contains exactly one Zni

, where u1 = Zn1 = Z0 and uk = u.
Let v1, . . . , vk be a parallel derivation operating on our SSCG, where v1 = S, and vi+1

is defined in the obvious fashion to replicate the operation in ui+1. Observe that, except
possibly at the start, each copy of T iST i has a character from Σ either to its left or to
its right, but not both. For each i, let ui, vi ∈ Σ∗ denote the words obtained by deleting
all instances of Zj for all j in ui, and all instances of S and T in vi. It is easily seen by
induction that ui = vi for all i ≤ k. The other direction is obtained analogously, mutatis
mutandis. □

Theorem 3.1 is optimal: in Theorem 4.2 below we show that there exists a regular
(and hence linear) language which cannot be generated by an SSCG with only one non-
terminal.

4. Regular Languages

In this section, we consider the strength of SSCGs with one non-terminal for gener-
ating regular languages. First, we show that every unary regular language (and thus
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every unary context-free language) can be generated by an SSCG with one non-terminal.
In Theorem 4.2, we show that there are regular languages which cannot be generated by
SSCGs having only one non-terminal.

Theorem 4.1. Unary context-free languages can be recognised by simple semi-conditional
grammars with one non-terminal.

Proof. Consider any context-free language L over a unary alphabet {1}, and recall that
such languages are always regular [GR62]. Further, note that, by Parikh’s Theorem,
there exists an h such that L = A ∪ B ·

(
1h
)∗
, where A and B are finite sets and ε ̸∈ B.

The following SSCG with non-terminal S recognises L.

Rule Condition on Subword Condition on L

(1) S → w 1 absent w ∈ A

(2) S → wS 1 absent w ∈ B

(3) S → 0hS 1 present —

(4) S → ε 1 present —

Verification. If w ∈ A ∪ B then clearly our SSCG generates it through rules (1), (2),
and (4). Otherwise, w = u1(nh) for some u ∈ B and some n. Our SSCG obtains w then
through rule (2), followed by n applications of rule (3), and one application of rule (4).
It is clear that these are the only words generated by our SSCG. □

We now show that there exists a regular language over three characters which cannot
be obtained through a simple semi-conditional grammar with only one non-terminal.

Theorem 4.2. Fix Σ = {a, b, c} and let L = a∗ ∪ b∗ ∪ c∗. There is no simple semi-
conditional grammar with only one non-terminal S which generates L.

Proof. We will show that every SSCG of exactly one non-terminal which generates L also
generates a string containing at least two distinct characters from Σ, which, by definition
of L, proves the theorem.

In our proof, we carry out a case analysis based on the different productions. To limit
the number of those—and hence the number of cases we need to consider—we note the
following:

• Without loss of generality, assume that no side condition is “presence of S” or
“absence of S”. These can be omitted without loss of generality.

• If there is a rule S → β in absence of α, and there is a rule S → β in presence
of α′, with α′ being a substring of α, then we can drop these rules and replace
them by S → β, without any side condition.

• Since ε ∈ L and presence rules cannot eliminate all S, there must either be an
unconditional rule S → ε or an absence rule S → ε.

We now move on to our detailed case analysis. This leads to a lot of short-lived
notation, which we try to preempt by the following convention:

• Numbered rules (e.g. R1,d, R3) are global names. In contrast, rules without
subscripts (e.g. R, R′,) are local names and only refer to the case/subcase in
which they appear.

We now commence the proof proper.

Let G be an SSCG. Consider the following rules which each may or may not exist in G.
Observe that we indicate additional constraints in the last column.
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Rule Condition on Subword Constraint

(R1,d) S → ε absence string contains d d ∈ Σ

(R2) S → ε no side condition —

(R3) S → ε Sh absent h maximised

(R4) S → ε Sh′
present h′ minimised

Note that if both R3 and R4 are present, then one may assume w.l.o.g. that h′ > h;
otherwise, S → ε is applicable regardless of the sentential form containing S).

Now, assume G generates L. We argue by contradiction.

The following claim is immediate from the fact that d∗ ⊂ L(G) for every d ∈ Σ.

Claim 1. Let d ∈ Σ. There exist m,m′ with m+m′ > 0, such that

S ⇒∗ dmSdm
′

where m,m′ depend on d.

We will use this claim to produce contradictions in the main part of this proof. To do
so, we will repeatedly focus on the derivation in G of single characters from Σ. For d ∈ Σ,
define the derivation Dd by

Dd : S ⇒∗
1 S

g ⇒2 S
idSj ⇒∗

3 d(4.1)

where, as in Claim 1, all of g, i, j depend on d. For convenience, we have labelled the
derivation steps

⇒∗
1, ⇒2, and ⇒∗

3

and we refer to them repeatedly below. We also repeatedly use the following fact about
the structure of ⇒∗

3 in Dd:

Claim 2. The derivation step ⇒∗
3 in Dd is w.l.o.g. of one of the following forms:

(1) ⇒∗
3 is the empty step;

(2) ⇒∗
3 is a repeated application of R1,e for some e ∈ Σ− {d};

(3) ⇒∗
3 is a repeated application of an absence rule R5,d eliminating instances of S;

(4) ⇒∗
3 is a repeated application of an absence rule R5,d and a presence rule R6,d, both

eliminating instances of S;
(5) ⇒∗

3 is a repeated application of an absence rule R7,d : S → S≥2 whose absence
string contains e ∈ Σ− {d}, followed by repeated applications of R5,d and R6,d.

(6) ⇒∗
3 is a sequence of presence rules and absence rules, whose absence strings con-

tain only d (if any characters from Σ), followed by repeated applications of R5,d

and R6,d.

Proof of Claim 2. Case (1) follows in the case that i = j = 0 in (4.1).
For case (2), note that if ⇒∗

3 uses R1,e for some e ̸= d, then a repeated application of
said rule will yield d, by the structure of the left-hand side of ⇒∗

3.
Now, let R5,d : S → ε be an absence rule, and suppose case (3) fails. We show that we

must be in case (4), (5), or (6).
First, w.l.o.g. we may assume that R5,d is the last rule applied to eliminate all instances

of S. (Note that it may be the case that no rule of the form R5,d exists.) Since case (3)
fails, there must be a presence rule R6,d which is applied before the last sequence of R5,d-
applications has become valid. Note that the presence string of R6,d and the absence
string of R5,d satisfy the following relationship:
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For any subword in the derivation step ⇒∗
3 containing the presence string

of R6,d, there exists an instance of S after whose elimination:
• R6,d is applicable, or
• R5,d is applicable, or
• no instances of S remain.

In the last case, we are clearly done. Similarly, once R5,d becomes applicable, we use it
repeatedly to eliminate all instances of S, also completing the proof. This gives case (4).

Finally, it is possible that ⇒∗
3 first adds instances of S. To that end, let R7,d : S → S≥2

be an absence rule whose absence string contains e ∈ Σ − {d}. (Note the role of d.)
Since ⇒∗

3 eventually eliminates all instances of S, observe that R7,d must indeed be an
absence rule, and that R7,d must be applicable before the repeated applications of R6,d

and, perhaps eventually, R5,d. Indeed, it follows that R7,d is applicable until the presence
string for R6,d has been generated. This gives case (5).
If R7,d is not used, then, by exhaustion, only presence rules or absence rules whose

absence strings only contain d (if any characters from Σ) can precede R6,d. This is
exactly case (6). ⊣

We now carry out an analysis of each case of the derivation Dd in (4.1), each of which
will lead to a contradiction through Claim 1. The cases depend on the productions in
our SSCG G.

Case 1: There exist R1,d and R1,e for d ̸= e, or there exists R2. Since the case
for R2 is analogous, we only show the case for R1,d and R1,e below.

Consider f ∈ Σ− {d, e}, and the derivation

Df : S ⇒∗
1 S

g ⇒2 S
ifSj ⇒∗

3 f.

Suppose step ⇒2 uses an absence rule R. If the absence string of R contains a character
in {d, e}, then w.l.o.g. let it be d. Now, consider the following derivation, whose steps
are justified individually: for some m+m′ > 0, we have

S ⇒∗︸︷︷︸
Claim 1

emSem
′ ⇒∗︸︷︷︸

R

emSi′fSj′em
′ ⇒∗︸︷︷︸
R1,d or R2

emfem
′
.(4.2)

for some i′, j′.
Otherwise, step⇒2 uses some presence rule R with presence string Sg′ , for some g′ ≤ g.

Assume this for the remainder of Case 1.
Suppose step ⇒∗

1 uses some absence rule R′ : S → S>1 with absence string containing
a character in {d, e}, say d. Then, for some m+m′ > 0 and some g′′, we have

S ⇒∗︸︷︷︸
Claim 1

emSem
′ ⇒∗︸︷︷︸

R′

emSg′′em
′ ⇒∗︸︷︷︸
R1,d

emSgem
′ ⇒︸︷︷︸

R

emSifSjem
′ ⇒∗︸︷︷︸
R1,d

emfem
′
.(4.3)

Otherwise, step ⇒∗
1 does not use any absence rule R′ : S → S>1 with absence string

containing a character in {d, e}. Then, for some m+m′ > 0, we have

S ⇒∗︸︷︷︸
Claim 1

emSem
′ ⇒∗︸︷︷︸
⇒∗

1 in Df

emSgem
′ ⇒︸︷︷︸

R

emSifSjem
′ ⇒∗︸︷︷︸
R1,d

emfem
′
.(4.4)

Since Equations (4.2) to (4.4) all generate strings of more than one character from Σ,
Case 1 is proven.
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Case 2: There exists R1,d for exactly one d ∈ Σ. Let e, f be the two other characters
in Σ− {d}. We handle a simple case first. W.l.o.g. fix e and suppose in the derivation

De : S ⇒∗
1 S

g ⇒2 S
ieSj ⇒∗

3 e

that step ⇒2 uses some rule R which is either an unconditional rule (i.e. α = β = 0
in Definition 2.2) or an absence rule whose absence string does not contain f . Then,
for m+m′ ≥ 1 and some i′, j′, we have

S ⇒∗︸︷︷︸
Claim 1

fmSfm′ ⇒︸︷︷︸
R

fmSi′eSj′fm′ ⇒∗︸︷︷︸
R1,d

fmefm′
(4.5)

which generates a string containing two distinct characters from Σ, giving a contradiction.
Thus, assume that in the derivation Df (respectively De), the rule having f (resp. e) on

the right-hand side is rule R8,f (resp. R8,e) which is either a presence rule whose presence
string contains only instances of S, or an absence rule whose absence string contains e
(resp. f). Now, we focus on the steps in the derivation

Dd : S ⇒∗
1 S

g ⇒2 S
idSj ⇒∗

3 d.

If step⇒2 requires an absence rule whose absence string contains a character other than d,
then w.l.o.g. assume this character is e.

We break down the remaining argument for Case 2 into subcases.

Case 2.1: Step ⇒∗
3 requires R7,d. Suppose

SidSj ⇒∗︸︷︷︸
R7,d

α ⇒∗︸︷︷︸
R6,d

d

where α also contains the presence string of R6,d. Assume w.l.o.g. that α starts with S
(if α ends with S, argue similarly). Since R7,d only adds instances of S and so α does
not contain e, the rule R8,f is applicable in the derivation below, which also uses Claim 2
for Dd:

S ⇒∗︸︷︷︸
⇒∗

1 + ⇒2

SidSj ⇒∗︸︷︷︸
R7,d

α ⇒∗︸︷︷︸
R7,d

Spα ⇒∗︸︷︷︸
R8,f

Sp′fSp′′α ⇒∗︸︷︷︸
R6,d

fα ⇒∗︸︷︷︸
Dd

fd(4.6)

where

p ≥

{
1 + length of the presence string in R8,f if R8,f is a presence rule

1 otherwise.

Note that the “otherwise”-case is sufficient as it is assumed that if R8,f is an absence rule
then that absence rule contains the terminal e.

Case 2.2: Not Case 2.1 and the step ⇒∗
1 requires a rule R of the form S → S≥2, whose

absence string contains a character from Σ. In this case, again using Claim 2 for Dd,

S ⇒∗︸︷︷︸
Dd

Sg ⇒∗︸︷︷︸
R

Sg+p ⇒︸︷︷︸
R8,f

SgSp′fSp′′ ⇒∗︸︷︷︸
R1,d

Sgf ⇒∗︸︷︷︸
Dd

df(4.7)

where, as before,

p ≥

{
1 + length of the presence string in R8,f if R8,f has a presence rule

1 otherwise

which suffices, as before, since we assumed that if R8,f has an absence rule, then that
absence rule can only contain the terminal e.
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Case 2.3: Not Case 2.1 and Not Case 2.2. In this case, the derivation Dd only requires
absence of e (that is, any absence rule appearing in this derivation contains either e or
no characters from Σ). Thus, Claim 2 for Dd implies

S ⇒∗︸︷︷︸
Claim 1

fmSfm′ ⇒∗︸︷︷︸
Dd

fmdfm′
.(4.8)

(Note that this derivation could also yield df .)

Since derivations (4.5) to (4.8) all generate strings of more than one character from Σ,
Case 2 is also proven.

Case 3: Rules R1,d and R2 do not exist for any d ∈ Σ. Observe that in this case R3

must exist in G since otherwise G could not generate ε. Further, recall that all rules

R5,d : S → ε

are absence rules with absence string Sh.
Further, the presence strings of the rules R6,d are of the form Si′dSj′ , where i′, j′ ≤ h,

and at most one of i′, j′ can be h (recall that S → ε in presence of Sh cannot be valid).

For d ∈ Σ, we again focus on

Dd : S ⇒∗
1 S

g ⇒2 S
idSj ⇒∗

3 d .

Our aim is to limit the number of distinct absence rules containing a character in
absence strings used in Dd. We call such rules special rules. A rule is Sd-special if
it is an absence rule of the form S → S≥2, and its absence string contains d ∈ Σ. For
example, R7,d is either Se- or Sf -special, where e, f ̸= d.

We do not have much control over the derivation step ⇒2 in Dd. In step ⇒∗
1 of Dd, note

that the absence rules containing a character from Σ in the absence string are Sx-special,
as there are no R1,x rules in the derivation—this follows since neither Case 1 nor Case 2
applies.

Below, we modify the derivation of step ⇒∗
1 in Dd to ensure that at most one Sx-special

rule is used. This simplifies our case analysis later.

The derivation step ⇒∗
1. If step ⇒∗

1 uses no Sx-special rules, then there is nothing to do.
If Rule R4 is used, then g ≥ h′ − 1, as there is no valid condition for usage of any

rule S → ε which is satisfied by Sh′−1, since h′ − 1 ≥ h). Then, using any Sx-special
rule R one obtains

S ⇒∗︸︷︷︸
R

Sg′ ⇒∗︸︷︷︸
R4

Sg

where g′ ≥ g.
Note that the applications of R4 need not be required. So, suppose R4 is never used.
If some Sx-special rule

R10 : S → Sp

with 2 ≤ p < h is used, then let m ∈ {1, 2, . . . , p− 1} be such that g ≡ m mod (p− 1).
Then

S ⇒︸︷︷︸
R10

Sp ⇒∗︸︷︷︸
R3

Sm ⇒∗︸︷︷︸
R10

Sg

which is as desired.
Now, we are left with only those cases in which

• rule R4 is not used, and
• only Sx-special rules with S → Sp, with p ≥ h, are used.
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Note that R3 is not used after any of the special rules in this part of the derivation,
since R3 requires the absence of Sh, by definition. If multiple Sx-special rules are used,
then define the absence rule

R11 : S → Sp

with p minimal, and observe that

S ⇒∗︸︷︷︸
R11

S1+r(p−1)

for any r ≥ 0, and that

2h− 1 ≤ 2p− 1 ≤ g ≤ g + i′ + j′ + 1 ≤ 1 + r′(p− 1)(∗)

for large enough r′, where i′, j′ are as they appear in R6,d; otherwise, take i′ = j′ = 0.

In summary, from the above analysis, we know that either

S ⇒∗︸︷︷︸
R11

Sg

or

S ⇒∗︸︷︷︸
R11

Sg′ and S ⇒∗︸︷︷︸
R11

Sg′′

and

2p− 1 = g′ ≤ g ≤ g′′ = r′(p− 1) + 1

which follows from (∗). Furthermore, these derivations use at most one Sx-special rule
each.

In the case g′ < g, we have g ≥ 2h, and thus i ≥ h or j ≥ h. Therefore, the
derivation ⇒∗

3 uses rule R6,d. We may also choose the instance of S in derivation step ⇒2

so that both i ≥ h−1 and j ≥ h−1. Thus, R6,d can always be made applicable in SidSj,
and even if we choose g′ or g′′ instead of g, if the rule R used in ⇒2 is applicable to Sg′

(Sg′′ , respectively), then the same derivation Sg′ ⇒∗ d (Sg′′ ⇒∗ d, respectively) can be
carried out, too. Note:

• if R is a presence rule, then it is also applicable to Sg′′ , and
• if R is an absence rule, then it is also applicable to Sg′ .

Thus, we may assume w.l.o.g. that in Dd, g is modified to g′ or g′′, based on whether we
have Sg′ ⇒∗ SidSj or Sg′′ ⇒∗ SidSj.
In conclusion, we know that ⇒∗

1 and ⇒∗
3 use at most one absence rule each, which

is Sx-special for some x. Furthermore, the Sx-special rule used in ⇒∗
1 can be assumed to

be the same for all Dx (with g depending on x ∈ Σ).

We now complete the argument of this Case 3 by another case analysis. First, assume:

⋄ no Sx-special rules are used

Then, we may choose any d and consider again

(†) Dd : S ⇒∗
1 S

g ⇒2 S
idSj ⇒∗

3 d .

If ⇒2 is an absence rule and contains some character in Σ, assume w.l.o.g. that it is e.
Let f ∈ Σ− {d, e}. Then, for m+m′ > 0, Claim 2 implies

S ⇒∗︸︷︷︸
Claim 1

fmSfm′ ⇒∗︸︷︷︸
Dd

fmdfm′
.(4.9)

Next, we assume:
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⋄ there exists an Sd-special rule R12 in G which is the only Sx-special rule appearing
in ⇒∗

1 of (†).
In (†), suppose ⇒2 employs rule R, which is either a presence rule or an absence rule

with absence string containing a character in Σ− {d}; w.l.o.g. assume this is e. We may
assume that if any Sx-special rule is used in ⇒∗

3, then its use is made void by using R12

in Sg ⇒∗ S≥g+2h; this is done by splitting S≥2h into sufficiently large blocks either side
of d so that R6,d becomes applicable. In particular, for m+m′ > 0,

S ⇒∗︸︷︷︸
Claim 1

fmSfm′ ⇒∗︸︷︷︸
R12

fmS≥g+2hfm′ ⇒︸︷︷︸
R

fmSi+hdS≥j+hfm′ ⇒∗︸︷︷︸
R6,d or R5,d

fmdfm′
(4.10)

where the last step uses either R6,d until all S are eliminated, or R5,d, if applicable (cf.
Claim 2).

Finally, the only case left is that in which:

⋄ the step ⇒2 uses an absence rule R containing no characters from Σ− {d}.
In that case, if⇒∗

3 uses an Sx-special rule, and its absence string has a character in Σ−{d},
assume w.l.o.g. it is e. Then, for m+m′ > 0,

S ⇒∗︸︷︷︸
Claim 1

fmSfm′ ⇒∗︸︷︷︸
Dd

fmSgfm′ ⇒︸︷︷︸
R

fmSidSjfm′ ⇒∗︸︷︷︸
Dd

fmdfm′
.(4.11)

Since derivations (4.9) to (4.11) all generate words with distinct characters from Σ, the
result follows.

The above exhaustive case analysis shows that no SSCG can recognise our fixed ternary
language L. This completes the proof. □

Since all unary regular languages need only one non-terminal (Theorem 4.1) while there
exists a ternary regular language which requires two non-terminals (Theorem 4.2), the
answer to the following question would prove optimality:

Question 4.3. Can all regular (or linear) languages over a binary alphabet be recognised
by a simple semi-conditional grammar with only one non-terminal?

5. Complexity of SSCGs With One Non-Terminal

In this section, we consider the complexity strength of SSCGs with one non-terminal.
We first show that such SSCGs can generate non-context free languages.

Theorem 5.1. Let Σ = {0, 1, 2, 3, 4, 5}. There is a non-context-free language on Σ which
can be generated by a simple semi-conditional grammar with only one non-terminal.

Proof. The idea is to build a language L such that

L ∩ {0}+{1}{23}+{4}{5}+ = { 0n1(23)n45n : n is odd }.(∗)

Since context-free languages are closed under intersections with regular languages [HU79,
p. 135], it follows from the pumping lemma for context-free languages that L is not
context-free.

We define our SSCG G as follows:
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Rule Condition on Subword Explanation

(I) S → 0S23S5 0 absent initialisation

(L1) S → 0S3 3S5 present loop

(L2) S → 2S5 0S3 present loop

(L3) S → 0S2 2S5 present loop

(L4) S → 3S5 0S2 present loop

(T1) S → 1 3S5 present termination

(T2) S → 4 012 present termination

Verification. We verify that L(G) satisfies (∗). It is easily seen that any generation of
a word must begin with the initialisation step, as none of the other rules are applicable
otherwise. It is now readily verified that the sequence

(I)− (L1)− (L2)− (L3)− (L4)

generates the word

03S(23)3S53

where each loop step is applied to that S-instance which does not appear in the relevant
side condition. By induction, the sequence

(I)−
(
(L1)− (L2)− (L3)− (L4)

)n − (T1)− (T2)

generates the word

02n+1 1 (23)2n+1 4 52n+1

which proves the ⊇-inclusion in (∗).
To prove equality, first note that the loop can only be carried out in order. Fur-

ther, by a case analysis for all four loop stages, it is seen that an early termination,
by applying (T1) and (T2) before completing a full loop, does not generate a word
in {0}+{1}{23}+{4}{5}+. The same occurs in case that any (Li) or (Ti) is applied to an
S-instance different from the intended one. This completes the argument. □

By coding, the language L above can be constructed over a binary alphabet, but we
note that that would require a larger window width for the required or forbidden words.

5.1. Decidability of One-Non-Terminal SSCGs. In contrast to the previous theo-
rem, there is a clear limitation to the complexity of languages which can be generated by
SSCGs with only one non-terminal.

Theorem 5.2. If there is only one non-terminal S in a simple semi-conditional grammar
then the language it generates is decidable, even in non-deterministic linear space.

To give the proof, we require an additional lemma. First, we fix some notation. Let
G be an SSCG of one non-terminal, which we denote by S. Let m be the length of the
largest side condition. Let p be the length of the largest output of any of the rules in G.
Assume p > 1, as grammars with p = 1 are trivial. Fix an alphabet Σ.

Lemma 5.3. Suppose u, v ∈ (Σ∪{S})∗ and n > m. Then a production rule ℓ is applicable
to wSmu if and only if it is applicable to wSnu.

Proof. The subwords of wSmu and wSnu of length at most m are the same. □

The following lemma forms the core of the proof of Theorem 5.2.
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Lemma 5.4. Suppose w ∈ Σn is generable from G. Then there exists k ∈ N such that w
has a G-derivation τ of length k

τ : {0, 1, . . . , k − 1} → (Σ ∪ {S})∗

where τ(i) → τ(i+ 1) is one step of the derivation, and which satisfies

τ(0) = S and τ(k − 1) = w

such that, for every i < |τ | = k, we have

|{ a ∈ τ(i) : a = S }| ≤ (m+ p− 1)(n+ 1) + pn .

Observe that this bound is linear in n, and that m and p are fixed in G.

Proof. Fix some σ which generates w from G. We define a new derivation sequence τ
which is as desired. By definition of grammars, we have σ(0) = τ(0) = S, and by the end
we also have σ(|σ| − 1) = τ(|τ | − 1) = w. In fact, we will impose that |σ| = |τ |, for ease
of presentation. The reader may consider this to be an application of a new rule, S → S.
Of course, such an extended derivation sequence can later be shortened by removing the
repeated steps.

Fix i < |σ|.
For any occurrence of a symbol a ∈ Σ in σ(i), by considering the remainder of the

derivation sequence σ after step i, we may associate this occurrence of a with a corre-
sponding occurrence of a in w. This gives us some j < n with w(j) = a, which is the
occurrence’s final position in w. Suppose that

σ(i) = Sr0ai0S
r1ai1S

r2 · · ·Srk−1aik−1S
rk(5.1)

whose sequence (rs) depends on i. Let jis denote the final position of ais in w.

Stage σ(i)

i− 1 · · · S · · ·
i · · · ais · · ·
...

y
|σ| − 1 · · · w(jis − 1) ais w(jis + 1) · · ·

Figure 1. The final occurrence of some ais in w, which appeared in deriva-
tion step i.

Throughout the construction of τ , we will preserve the structure of the words σ(i) in τ :
for σ as in (5.1), we will define τ so that

τ(i) = Sr′0ai0S
r′1ai1S

r′2 · · ·Sr′k−1aik−1S
r′k

whose sequence (r′s) also depends on i, and so that k ≤ n.
The remainder of the proof hinges on the structure of this derivation τ , which we study

via the indices jis. For unity of presentation, it is helpful to define

ji−1 = −1 and jik = n .

Our goal is to construct a derivation sequence τ whose coefficients r′s satisfy the following
relation, defined inductively on i (to keep the notation moderately simple, we now drop
the superscript i). For every s < k (as per (5.1)):

(I1) If rs < m(js − js−1) then r′s = rs.
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(I2) If rs ≥ m(js − js−1) then rs ≥ r′s ≥ m(js − js−1).

In particular,

rs ≥ r′s for all s < k

and

if rs > r′s then rs > r′s ≥ m(js − js−1) .(5.2)

We now construct the derivation sequence τ—and hence the sequence (r′s)—from σ while
maintaining the inductive hypothesis.

We begin with τ(0) = σ(0) = S, and clearly our inductive assumption is maintained.

Suppose σ(i + 1) is given and τ(i) already exists. Observe that, by induction and
Lemma 5.3, the production rules applicable to σ(i) are also applicable to τ(i). The
following is readily verified.

Claim 1. The productions applicable to σ(i) are of one of the following three forms:

• S → ε
• S → St for some t > 0
• S → StuSt′ where t, t′ ≥ 0 and u begins and ends with a non-terminal

Using the claim, we now structure our inductive argument to construct τ obeying the
inductive hypotheses (I1) and (I2). Our action depends on the production ℓ applied
to σ(i):

(1) ℓ = S → ε. Suppose ℓ is applied to the block as−1S
rsas in σ(i). Thus, σ(i + 1)

contains

as−1S
rs−1as.

• If rs = r′s, then apply ℓ to τ(i) in exactly the same way.
• If rs > r′s, then let τ(i+ 1) = τ(i).

(2) ℓ = S → St. Suppose ℓ is applied to the block as−1S
rsas in σ(i). Thus, σ(i + 1)

contains

as−1S
rs+t−1as.

• If rs = r′s and rs < m(js − js−1), then apply ℓ to τ(i) in exactly the same
way.

• Otherwise, let τ(i+ 1) = τ(i).
(3) ℓ = S → StuSt′ . We assume that u is a word beginning and ending with terminal

symbols. We will generate τ(i+ 1) by applying the same rule to τ(i). Some care
must be taken in choosing which S form τ(i) to apply the rule to, since we must
maintain the relationship between every r and r′ at step i+ 1.
Suppose that ℓ is applied to an instance of S in the block as−1S

rsas in σ(i),
which we may hence write as α as−1S

rsas β for some α, β. Thus, σ(i+1) is of the
form

α as−1S
quS q̃as β .

Observe that q + q̃ = rs + t+ t′ − 1.
• If rs = r′s, then apply ℓ to τ(i) in exactly the same way as in σ(i) (i.e. choose
the same instance of S in τ(i)).

• If rs > r′s and q is sufficiently small so that case (I1) applies to its block
inside σ(i+ 1), we choose an S in τ(i) such that τ(i+ 1) contains

as−1S
quS q̃′as .
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We will necessarily have q̃ ≥ q̃′ since rs > r′s, but note that by additivity
and the inductive assumption on r′s, q̃ satisfies (I2) and q̃′ will be sufficiently
large.

• If r′s < rs and q̃ is sufficiently small that it will be in case (I1) for σ(i + 1),
we do as in the previous case, mutatis mutandis.

• If r′s < rs and q and q̃ are both sufficiently large that they will be in case (I2)
for σ(i+ 1), we choose an S in τ(i) such that τ(i+ 1) contains the subword

as−1S
q′uS q̃′as

where q′ ≤ q and q̃′ ≤ q̃, and both are sufficiently large. This is possible by
additivity and the inductive assumption on r′s.

Claim 2. The inductive hypothesis on the various r′s is maintained, for all i < |σ|.
Proof of Claim 2. This is immediate from the construction. ⊣

It follows that τ(|τ | − 1) = σ(|σ| − 1) = w, and each τ(i+1) is generated from τ(i) by
the application of a legal rule from G or by simply doing nothing, so τ is a (generalised)
derivation sequence for w.

With τ constructed as above, the following claim gives the required bound.

Claim 3. For τ(i) = Sr′0a0S
r′1a1 · · ·Sr′k−1ak−1S

r′k , we have

k∑
s=0

max
(
0, r′s −m(js − js−1)− p+ 1

)
≤ kp .(5.3)

Proof of Claim 3. Since τ is constructed by induction on i, we prove this claim also by
induction. Note that (5.3) holds for i = 0 since we postulated that σ(0) = τ(0) = S.

If τ(i) and τ(i + 1) have the same terminal symbols, then either τ(i + 1) = τ(i),
or τ(i + 1) was formed from τ(i) by applying a rule of the form S → ε, or τ(i + 1) was
formed from τ(i) by applying a rule of the form S → St with t ≤ p.

In the first two cases, the inequality is clearly preserved from τ(i) to τ(i+ 1).
In the last case, note that by construction, the r′s from τ(i) to which we are applying

the rule must have
r′s < m(js − js−1) .

Then, the corresponding r′s in τ(i+ 1) will have

r′s < m(js − js−1) + p

and so it will not participate in the sum for τ(i + 1). Thus, the non-zero summands
for τ(i+ 1) are the same as those for τ(i), meaning the inequality is preserved.

If τ(i + 1) was formed from τ(i) by the application of a rule of the form S → StuSt′ ,
then consideration of the subcases will reveal that the total amount by which the sum
has increased is bounded above by t + t′ < p. Since τ(i + 1) contains at least one more
terminal symbol than τ(i), the inequality is preserved. ⊣

Since
∑k

s=0(js − js−1) = −j−1 + jk = n+ 1, (5.3) implies

k∑
s=0

r′s ≤ m(n+ 1) + (k + 1)(p− 1) + kp . □

Theorem 5.2 now follows immediately: by Lemma 5.4, to determine membership in
the language generated by G, a search over derivation sequences bounded linearly in the
number of non-terminals is sufficient. This completes the proof of Theorem 5.2.

Question 5.5. Can Theorem 5.2 be improved, either by weakening hypotheses or by
strengthening the complexity conclusion?
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6. Membership Testing of SSCGs Is NP-Hard

The next result shows that testing membership in SSCG languages is NP-hard even
for SSCGs with only two non-terminals.

Theorem 6.1. The following problem is NP-hard.

Given a simple semi-conditional grammar G of two non-terminals, 2n+4
terminals, O(n) rules, and an O(n3) length word u, can G generate u?

If the given grammar G produces with every rule application at least one terminal, then
the problem is NP-complete.

Remark. This hardness is present even in the absence of ε-rules in the grammar. If,
furthermore, the grammar contains at least one terminal on the right-hand side of every
rule, then the problem is NP-complete. The below proof satisfies this hardness relation;
the NP-completeness part of the claim follows from the fact that one can guess the
derivation. Further, the number of steps is bounded by the length of the input word. All
conditions, as well as the applicability of rules, can be checked in polynomial time.

Proof of Theorem 6.1. We reduce SAT for CNF formulas to the problem stated in the
theorem, thus proving NP-hardness.

Fix n.

Below, we define an SSCG G with the following two properties:

(1) For every SAT formula P there exists a word uP ∈ L(G) which uniquely codes P
in L(G).

(2) Every SAT formula P which is coded in L(G) is satisfiable.

The SSCG G will also generate words which do not code SAT formulas as per our coding
above. Hence, we denote the set of coded formulas in L(G) by L̃(G), and we note that

L̃(G) ⊂ L(G) .

This is not an issue to prove NP-hardness, though, since the sublanguage of all syntac-
tically correctly coded SAT formulas in L(G) is regular, as the following claim shows:

Claim 1. L̃(G) = L(G) ∩R for some regular language R. In other words, there exists a
regular expression which separates the syntactically correct from the syntactically incorrect
instances.

Proof of Claim 1. With n fixed, a suitable regular expression is readily established via
the coding given below. ⊣

To explain the coding, we first define the language. Denote the terminals by

x1, . . . , xn+1, y1, . . . , yn+1, ◦, •, ≀, ⋆

Each SAT instance is made up of clauses, which are each followed by a separator pair ◦•
(the symbols ◦ avoid ε appearing on the right-hand side of productions). The instance
itself is concluded by the pair ◦⋆. The end of all variable listings is highlighted by the
symbol ≀. Further, we use the following conventions to express SAT formulas:

• All literals are represented by a single terminal, and the clauses xi∨yi are omitted.
• The disjunctions between literals are omitted.
• For all k, we define yk = ¬xk.
• Every instance is concluded by a listing of all (positive) variables x1, . . . , xn+1.
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Rule Condition on Subword Explanation

(I1) S → TT •S x1 absent initialisation

(I2) S → x1S⋆ x1 absent initialisation

(I3) S → x1SS⋆ x1 absent initialisation

(L1) S → xkS | xkSS xk−1S⋆ present loop

(L2) S → xk | xkS xk−1SS⋆ present loop

(L3) T → ykT | yk | xkT xkS⋆ present loop

(L4) T → xkT |xk | ykT xkSS⋆ present loop

(T1) S → ≀ xn+1SS⋆ present termination

(T2) S → ≀S xn+1S⋆ present termination

(T3) S → ◦ ≀S present termination

(T4) T → ◦ S absent termination

Table 2. We indicate the options in rules (Li) by (Li-j); for instance, the
rule (L1-2) is “S → xkSS”.

As a result of our coding (see Table 2 below), xn+1 cannot be incorporated into any
SAT formula, but is instead required to terminate. Hence, we use n + 1 many variables
to code n-variable SAT formulas. For example, a typical instance of a coded 3-variable
SAT formula (i.e. with n = 3) is given by

x1x3 ◦• x2y3 ◦• x1x2x3x4 ≀ ◦⋆

(note the presence of x4) which codes the SAT formula

(x1 ∨ x3) ∧ (x2 ∨ ¬x3) .

If the separator policy is violated, the formula is incorrect.

In Table 2 below, we construct the required SSCG. Since the number of variables in
our SAT formulation is fixed as n, the SSCG’s loop rules are valid for k = 1, 2, . . . , n+1.

Explanation. Suppose P is a SAT formula. We show how to generate uP in G.
First, rule (I1) is applied as many times as needed to generate the required number of

clauses in P . We call these the coded clauses. For instance, we can generate four coded
clauses by applying (I1) four times, yielding

S ⇒∗ TT •TT •TT •TT •S .

During generation, a double TT indicates a clause not yet satisfied, while a single T
indicates a clause which is satisfied. New variables are instantiated once, either positively
as in (L1-2) and (L2-2); or negatively, as in (L1-1) and (L2-1). Whenever a positively
instantiated variable is included in a clause as a positive, then we use (L4-2) to do so.
This eliminates one T -instance in the clause, hence coding that this clause is satisfied.
We do the same for negatively instantiated variables which appear as a negative, this
time using (L3-2). Observe that these are the only ways to eliminate the double TT in a
syntactically correct word.
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We can now deduce a satisfying valuation for P from the derivation sequence for uP ,
by specifying for k = 1, 2, . . . , n:

xk = 1 ⇐⇒ xkSS⋆ appears in the derivation

yk = 1 ⇐⇒ xkS⋆ appears in the derivation
(6.1)

It is verified by construction that no word which codes a SAT formula can contain both S⋆
and SS⋆. Hence, this defines a unique valuation map—but this does not yet show that
this valuation map is a satisfying assignment. This is what we establish now.

Claim 2. L̃(G) = {uP : P is satisfiable }, or in other words:

(1) All syntactically correct instances are satisfiable with respect to at least one vari-
able assignment.

(2) Unsatisfiable instances cannot be generated, unless they are syntactically incorrect.

Proof of Claim 2. We prove (2) first. Suppose P is coded in L̃(G) via the word uP . We
show that P is satisfiable. In particular, P will be satisfied by the satisfaction definition
as given in (6.1) above, denoted by v. To see this, suppose there exists a clause in P not
satisfied by v, which we assume w.l.o.g. to be of the form

x1 ∨ x2 ∨ x3 .(6.2)

Since v does not satisfy the clause, the derivation of uP must contain the words

x1S⋆ , x2S⋆ , and x3S⋆ .

By the rules of the grammar, the only way in which v could not possibly satisfy (6.2) is
by applying the third option in rule (L3) for all three variables x1, x2, and x3. But then,
the following derivation of subwords inside uP must be present:

TT• ⇒ x1TT• ⇒ x1x2TT• ⇒ x1x2x3TT•
This derivation cannot be concluded to yield a syntactically correctly coded SAT formula,
which contradicts the fact that uP ∈ L̃(G). The same argument applies for longer clauses,
or those including both positive and negative variables.

To prove (1), we show that every satisfiable SAT formula in n variables can be gener-
ated. First, observe that for any SAT formula P :

(6.3)

P is coded in L̃(G)

⇐⇒
In each coded clause C in P , one instance of T is eliminated

⇐⇒
P has a satisfying valuation

Now, let P be a SAT formula of k clauses

P =
∧
i<k

Ci

where each clause Ci has mi variables

Ci =
∨
j<mi

xi,j .

Suppose v is a satisfying valuation. By definition, each Ci contains a positive (or negative)
variable x which is made true by v. When x is coded into the coded clauses inside the
word uP , rule (L4-2) (or rule (L3-2) in the negative case) is applied, hence eliminating
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a T -instance from the coded clause Ci. Since this is true for every clause, the formula P
can be generated by (6.3), as required. ⊣

NP-hardness is now immediate, since the transformation

P 7→ uP

is computable in linear time. Together with Claim 1, this suffices. Since the grammar G
produces with every rule application at least one terminal, membership of words in L(G)
is in NP; one can guess the derivation. Consequently, if the given grammar G in the
statement of the theorem is assumed to produce with every rule application at least one
terminal, then the problem is NP-complete. □

Note that the bound O(n3) in the theorem follows from an a priori estimate of the
maximum number of clauses in a SAT formula on n variables without clause repetition.

7. RE Languages

We complete this paper by showing the strength of SSCGs with three non-terminals.

Theorem 7.1. Every RE language is generated by some SSCG with three non-terminals.

Proof. Let L be RE. We describe the construction of our SSCG G which has three non-
terminals S, T, U .

Consider a non-deterministic counter automaton A with r counters. We will interpret
it as a language-generating device as follows. Based on the current state, the counter
automaton can do one of the following:

(1) check the status of a particular counter (zero/non-zero), or
(2) increment/decrement a counter, or
(3) print a terminal symbol on the one-way write-only tape.

The counter automaton A then transitions to the next state which in case (1) above
depends on the result of the check.

In any derivation of u ∈ L in our SSCG G, the sequence of sentential forms will mimic
the simulation of the counter automaton. (Note that one-step simulations in A may need
several steps in G.)

For ease of presentation, we will first describe the derivation for strings u ∈ L of length
at least

1 + (r + 1)(r + 2)/2

where the counter automaton has already printed the first (r + 1)(r + 2)/2 characters
of u. We consider the more general case later.

We will use certain sequences of T, U in sentential forms as codes for

• states and dummy states (which are used for a sequence of steps in the derivation
in G to implement one-step simulations of A) and

• messages which code the presence or absence of certain patterns in the current
sentential form.

Each code is of the form(
U4T

({
U4, U5

}
T
)3

U4TU6T

)r′

U7T(7.1)

where r′ is sufficiently large to code all messages, states, and dummy states.
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We also require that (
U4T

({
U4, U5

}
T
)3

U4TU6T

)
(7.2)

has exactly one U5 in each of its r′ many occurrences. Hence, all codes have the same
length.

The following claim is proven by induction on the complexity of words.

Claim 1. Suppose c is a code as in (7.1). Let c′ be the result of applying exactly one of
the following changes to c:

• A finite number of T -instances are changed into U-instances.
• A finite number of U-instances are changed into ε-instances.
• A finite number of U-instances are changed into TT -instances.

Then c′ is not a code.

We now work in G.

At the start of any simulation of a step of the counter automaton A (except at initial-
isation time), the sentential form in G will be of the following form:

TΣ1T ℓ+C1Σ2T ℓ+C2 · · ·ΣrT ℓ+CrΣr+1Σ∗S(code)+(7.3)

where:

Ci = value of the i-th counter

ℓ = sufficiently large prefixed number so that interferences with anything

appearing after S is not possible in the descriptions below

code = sequence of states, the first of which corresponds to state of A being simulated

This definition is recursive. The first code after S denotes the current state correspond-
ing to the state of the counter automaton being simulated. The codes appearing after
the first code can be ignored, as they only describe the history of the simulation.

Any serious violations in the above format, due to SSCG rules being employed in an
unintended manner, will be caught separately (cf. Section 7.3).

Intuitively, one can think of the counter values and the current state as instantaneous
descriptions of the counter automaton, with the string formed by using the characters
in Σ in the sentential form as already output by the counter automaton.

We now describe how to do the steps in the simulation. To do this, we describe the
message generation rules, and show how to implement counter automaton instructions.

7.1. Rules for message generation. Below, we give the rules which govern the gener-
ation of messages in our SSCG. Messages may be generated at any step of the derivation,
though they will only be relevant based on the instruction being processed. If irrele-
vant messages are generated, then they will be caught in the error checking below (see
Section 7.3). A message M is always placed immediately after S in the sentential form.

Rule Condition on Subword Explanation

(M1) S → SM TΣiT ℓ+1 present M is “counter i is non-zero”

(M2) S → SM TΣiT ℓ+1 absent M is “counter i is zero”

(M3) S → SM TΣiUT ℓ−1 present M is “counter i is being updated”

(M4) S → SM TΣiUT ℓ−1 absent M is “counter i is not being updated”
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We also include the following collection of rules, denoted by (M5), which handles format
and update errors:

(M5) If u is any of

UΣ UUTT TU iT (for 0 < i < 4) ΣUU TTU ΣTU ΣUTU TΣT U8

and u is present/absent, then S → SM where

M is “u is present”/“u is absent”.

The role of (M5) is elucidated when we handle all kinds of sanity checks in Section 7.3.

7.2. Processing of a counter automaton instruction. Each counter instruction in A
is processed as follows. We specify the messages which are generated, and the sequence
of steps the simulation takes to carry out the instruction. Further, we explain the process
of checking whether the generated messages correspond exactly to the instructions which
are being executed.

For ease of presentation, we identify codes for (dummy) states/messages with their
state/messages. Suppose the current state is sj. The state names

d i sj

where i ∈ N are dummy states related to the state sj. These are required to carry out
counter automaton instructions which need several steps in our SSCG.

Below, we give the rules of the grammar interspersed with explanations of how the
instructions are implemented.

(A) Checking the counter value of counter i to be zero/non-zero in any state:

Rule Condition on Subword Explanation

(1) S → Ssk SMsj present
sk is code for next state

M is “counter i is zero/non-zero”

(B) Printing of a character in a state:

Rule Condition on Subword Explanation

(2) S → aSsk Ssj present
sk is code for next state
a is char being printed

(C) Incrementing/decrementing the i-th counter in state sj:

The rules below use the structure of codes as defined in (7.3) in an essential way.
Similarly, dummy states, which are needed to simulate the one-step-transition in the
counter automaton A, play an important role here.
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Rule Condition on Subword Explanation

(3) S → Sd1sj Ssj present

(4) T → U Sd1sj present
change first T in counter
which is to be updated

(5) S → Sd2sj Sd1sj present

(6) S → Sd3sj SMd2sj present

M is sequence of messages:
“counter i is updated,

none other are updated”
and no formatting errors

(7) U → ε|TT Sd3sj present decrement/increment counter

(8) S → Sd4sj SMd3sj present
M is sequence of messages:
“no counter is updated”
and no formatting errors

(9) S → Ssk Sd4sj present sk is code for next state

(D) If sj is a halting state:

Rule Condition on Subword Explanation

(10) S → ε Ssj present

(E) Termination rules:

Rule Condition on Subword Explanation

(11)
T → ε

S absent
U → ε

Note that while S is present, only the rules in (C) can update U and T in some dummy
states. We explain how to check whether that is done consistently in the following section.

7.3. Checking Format Errors.

(i) In states where T is converted to U :
• Check that

UΣ ΣUU TTU ΣTU ΣUTU

are not present (this ensures that to the left of S the only T converted to U
is the leftmost T in any counter).

• Check that U8 is not present (this ensures that to the right of S no T is
converted to U).

• Check that there is a TΣT in the sentential form (this ensures that the first T
to the left of S is preserved).

(ii) In states where U is converted to ε, check that the codes to the right of S make
sense. No

UTT TU iT (for 0 < i < 4) T (U4T )5 S(U4T )5

nor a sequence of six TU<6T without a TU6T / TU7T in between, is present.
Each adjacent pair of TU6T , without an U7T in between, is separated by five
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copies of TU<6T .
Each pair of adjacent TU7T is separated by 6r′-many occurrences of TU<7T .

(iii) When U is converted to TT , check that there is no UTT .

The above leaves the possibility that the first state codes or messages which appear
after S, but before the first state code, are void. However, in that case no progress
can be made: S can never be removed (none of the rules above apply, and any use of
reinitialisation below will fail).

7.4. Initialisation. We now describe how smaller strings are generated, and how the
initial configuration (after printing a string of length (r + 1)(r + 2)/2 by the counter
automaton) is obtained.

Rule Condition on Subword Comments

(I1) S → u T absent
to generate words u

of length ≤ (r + 1)(r + 2)/2

(I2) S → v T absent
v is of the form:

TΣT ℓ+C1T . . . T ℓ+CrΣr+1SC
where C is the start state

We use (I2) to generate strings of length exceeding (r+1)(r+2)/2. Further, we assume
in the above that the counter automaton is modified so that, initially, it guesses a string
of length (r + 1)(r + 2)/2 + 1, and then goes to a particular counter state C before
progressing.

Note that there are always at least two copies of T to the right of S when a rule
to convert T to U is used. Thus, no initialisation rules can be applied after the first
initialisation.

Further, if we use a universal counter automaton, then the number of counters is fixed,
and we can assign the initial counter values based on the program run by the universal
counter automaton. This ensures that in the above construction, the length of the side
conditions are in fact independent of the RE language.

By the above argument, our SSCGG simulates the counter automaton A which we fixed
at the beginning of this proof. By the rules of our SSCG, it can be readily verified that G
generates exactly the counter automaton’s language L. Hence, the proof is complete. □

Remark (Side condition sizes independent of alphabet size). In some situations, re-
searchers may wish the condition sizes to be independent of the alphabet size. This only
affects the printing rules in the above construction, and, correspondingly, the code size
may increase. To handle this, one can proceed as follows.

Firstly, assume that the program simulated by a universal counter automaton intends
to write the symbol ak. Depending on this symbol, it guesses whether a pre-determined
counter (we use counter r + 1 for this purpose) to have value k. in order to verify that
the printing was completed successfully, the counter automaton counts down to 0 in
counter r + 1 using rules (3) to (6) above. If the counter didn’t have value k, then the
automaton never halts. Otherwise, the automaton halts, and it is confirmed that the
printing was completed successfully.

To simulate the above step, we add the following rules. Below, let d denote a printing
state, and d′, d′′ dummy printing states.
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Rule Condition on
Subword

Comments

(12) S → akT
kSd′ ΣS d present exists for each ak in alphabet

S → SM
Σr+1ΣT

present/absent
M codes presence/absence

(13) S → S d′′ SM d′ present M codes presence of Σr+1ΣT

In Rule (12) above, we assume the alphabet is of the form {a2, . . . , ah} for some h ∈ N,
in order to avoid trivial counter values.

After the above, the universal counter machine proceeds with the simulation, assuming
the guess of the counter is complete.

Now, the rest of the construction is similar to earlier, except that the (r+1)-th counter
is considered 0 if the sentential form contains a substring of the form Σr+2S. If instead
the sentential form contains a substring of the form Σr+2T , then it is non-zero.

Question 7.2. Can every regular language over a binary alphabet be generated by an
SSCG with two non-terminals?
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